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BELAVKIN-STASZEWSKI RELATIVE ENTROPY

(UMEGAKI) RELATIVE ENTROPY

Let Hap = Ha ® Hp be a bipartite Hilbert space and pap,cap two
positive states on it. Their Umegaki relative entropy is given by:

D(paglloas) := tr[pap(log pap — logoas)].
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BELAVKIN-STASZEWSKI RELATIVE ENTROPY

Let Hap = Ha ® Hp be a bipartite Hilbert space and pag,caB two
positive states on it. Their Belavkin-Staszewski relative entropy
(BS-entropy for short) is given by:

D(paslloan) = tr[panlog(pizoarel3)]

RELATION g

The following holds for any positive states pag,oap:
D(paslloas) < D(paslloas),

and the inequality is strict if, and only if, [paB,caB] # 0.




MOTIVATION: QUASI-FACTORIZATION RELATIVE ENTROPY

the BS-entropy

X . Andreas
Given a positive state oap, denote:
2 —il/% —1/2
OABO 4 ®U’B/ —1ap.

QF RELATIVE ENTROPY (C.-Lucia-Pérez Garcia ’18)
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Let Hap = Ha ® Hp and pap,oar € Sap . The following inequality
holds whenever ||H(caB)|. < 1/2:

los

1

1—2[[H(oan). [Da(paslloaB) + Ds(pas|loas)] ,

D(paslloas) <

where
Da(paslloa) := D(paslloas) — D(psllos) -

Applications:
» It is equivalent to a generalization of superadditivity.

» Key tool to prove positivity of modified logarithmic Sobolev
inequalities for quantum many-body systems.




WEAK QUASI-FACTORIZATION FOR THE BS-ENTROPY

WEAK QUASI-FACTORIZATION BS-ENTROPY N

Bluhm

It is an inequality of the form: (QMATH, U.

D(paslloas) < M [EA(pABnaAB) + BB(pABnoAB)] 4L,

h ~ ~ ~
b Da(paslloas) == D(paglloas) — D(psllos) -

H(oaB) i= 021/2 ® 0;1/20,430;1/2 ® U§1/2 —1aB.

WEAK QF BS-ENTROPY (Bluhm-C.-Pérez Herndndez ’21)

Let Hap = Ha ® Hp and pap,0aB € Sap . The following inequality
holds whenever ||H(caB)|, < 1/2:

oo

D tion for

D(paslloas) < M(UAB)[ﬁA (paslloas)+Ds(pas| |o—AB)]+L(pAB, ),

applications

where M( ) 1
o B e———~m 9
A8 T T 9 H(oas) |

and
Lipas,oan) < f ([[[o4% 07| [ 05| ) -




CONSEQUENCES AND POSSIBLE APPLICATIONS

Consequences:

» Our results are equivalent to a violation of the property of
superadditivity for the BS-entropy.

Possible applications:

» In cryptography, for entropy accumulation purposes.
» In many-body systems, to prove positivity of modified
logarithmic Sobolev inequalities.

For further information, see arXiv:2101.10312 and our long talk.

Thank you for your attention!
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