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We derive a new generalisation of the strong subadditivity of the entropy to the setting of general conditionalexpectations onto arbitrary finite-dimensional von Neumann algebras. This inequality is called approximate
tensorization of the relative entropy and, in particular, constitutes a key step in modern proofs of logarithmic
Sobolev inequalities for classical and quantum lattice spin systems.

Objective

1. A fundamental property of entropy is the strong subadditivity inequality (SSA): Given
HABC := HA ⊗HB ⊗HC , and a state ρABC on HABC , the following holds:

S(ρABC ) + S(ρB) ≤ S(ρAB) + S(ρBC ) , (SSA)
where S(ρ) = − tr[ρ lnρ] is the von Neumann entropy and for any subsystem D of ABC ,
ρD := trDc[ρABC ] denotes the marginal state on D.
2. In terms of the relative entropy D(ρ||σ ) := tr[ρ (lnρ − ln σ )], (SSA) takes the form
D
(
ρABC

∥∥∥ρB ⊗ 1AC /dHAC
)
≤ D

(
ρABC

∥∥∥ρAB ⊗ 1C /dHC
)+D (ρABC∥∥∥ρBC ⊗ 1A/dHA

)
.

3. For finite-dimensional von Neumann algebras M ⊂ N1,N2 ⊂ N , let EM, E1, E2 betheir corresponding conditional expectations. When E1◦E2 = E2◦E1 = EM:
D(ρ||EM∗ (ρ)) ≤ D(ρ||E1∗(ρ)) +D(ρ||E2∗(ρ)) ,

where the coarse-graining maps EM∗ , E1∗, E2∗ are the Hilbert-Schmidt duals of EM, E1, E2.To recover (SSA) take N ≡ B (HABC ), N1,2 ≡ B (HAB,BC ) and M≡ B (HB).
4. ForM≡ C1H, in the classical [5] and quantum setting [2, 3] the following inequality iscalled approximate tensorization of the relative entropy:

D(ρ||σ ) ≤ 11− 2c (D(ρ||E1∗(ρ)) +D(ρ||E2∗(ρ))) ,
where σ := EM∗ (ρ) and c is measures the distance from the commuting assumption. Typ-ically, c = 0 at infinite temperature, and remains small for conditional expectations ontofar apart regions and at high enough temperature.

Introduction

Here [1] we take one step further and prove a weak approximate tensorization for therelative entropy, which amounts to the existence of positive constants c ≥ 1 and d ≥ 0such that
D(ρ||EM∗ (ρ)) ≤ c (D(ρ||E1∗(ρ)) +D(ρ||E2∗(ρ)))+ d . (AT(c, d))

We estimate c and d in terms of the interactions appearing in the Hamiltonian of quantumlattice spin systems.

Approximate tensorization

D(ρ||ρM) ≤ D(ρ||ρ1) +D(ρ||ρ2) + d .
where ρi := Ei∗(ρ) for i = 1, 2, ρM := EM∗ (ρ) and the constant d is given by

d := sup
ρ∈D (N2)inf{ ln(λ)|E1∗(ρ) ≤ λη for some η ∈ D (M)} .

Weak approximate tensorization for conditional expectations

Assume that AT(1, d) holds at infinite temperature for the constant d of the previousresult. Then, AT(c, d′) with c = λmax(σ )
λmin(σ ) and d′ = λmax(σ )dHd holds:

D(ρ||EM∗ (ρ)) ≤ λmax(σ )
λmin(σ ) (D(ρ||E1∗(ρ)) +D(ρ||E2∗(ρ)))+ λmax(σ )dHd .

Under a noncommutative change of measure argument

First results on AT

Heat-bath dynamics: Given σ a faithful density matrix on the finite-dimensional algebra
N , M ⊂ N a subalgebra and denoting by Eτ the conditional expectation onto M withrespect to the MMS, the Heat-bath conditional expectation is given by:

Eσ := lim
n→∞

Anσ , for Aσ (X ) := Eτ(σ )−12 Eτ [σ 12 X σ 12 ]Eτ(σ )−12 .
Davies dynamics: For LD,β the generator of a QMS modelling the evolution of a systemweakly-coupled to a heat bath, the Davies conditional expectation is given by:

ED,β := limt→∞ etLD,β
,

Both conditional expectations above are equal.

Conditional expectations

As a subalgebra of B (H) for a Hilbert space H = ⊕
i∈IMHi ⊗ Ki, M bears the followingblock diagonal decomposition:

M≡
⊕
i∈IM

B (Hi)⊗ 1Ki , so that ∀ρ ∈ D (N ) , ρM := ∑
i∈IM

trKi[PiρPi] ⊗ τi ,
where Pi is the projection onto the i-th diagonal block and τi is a full-rank state on Ki.Now, we wish to compare the state ρ with a classical-quantum state according to thedecomposition given by M. To this end we introduce the Pinching map with respect tothe Hi in the decomposition of M, denoted by PρM.

Define
c1 := max

i∈IM

∥∥∥E (i)1 ◦ E (i)2 − (EM)(i) : L1(τi)→ L∞
∥∥∥ ,

where the E (i)1 are defined in each Hi. Then, AT(c, d) holds for the following constants:
c := 1(1− 2c1), d := D(ρ||PρM(ρ)) .

Approximate tensorization via Pinching

Main result

We take H = Cl, M ≡ C1` and assume that N1, resp. N2, is the diagonal onto someorthonormal basis |e(1)
k 〉, resp. |e(2)

k 〉. Hence for each i ∈ {1, 2}, Ei denotes the Pinch-ing map onto the diagonal span{|e(i)
k 〉〈e

(i)
k |
} and EM = 1̀ tr[·]. Then, AT((1 − 2ε)−1, 0)holds:

D(ρ||`−11) ≤ 11− 2ε (D(ρ||E1∗(ρ)) +D(ρ||E2∗(ρ))) .
This implies that the primitive quantum Markov semigroup etL satisfies a modified loga-
rithmic Sobolev inequality of constant 1− 2ε, where

L(X ) := E1(X ) + E2(X )− 2X .

Application: Pinching onto different bases

Given a finite alphabet Z ∈ {X ,Y}, let EZ denote the Pinching channels onto theorthonormal basis {|e(Z)
z 〉}z∈Z corresponding to the measurement Z. Assume furtherthat c1 = dAmaxx,y ∣∣|〈e(X)
x |e

(Y)
y 〉|2 − 1

dA
∣∣ < 12. Then the following strenghtened entropicuncertainty relation holds for any state ρ ∈ D (HA):

S(X )EX(ρ) + S(Y )EY(ρ) ≥ (1 + 2c1)S(A)ρ + (1− 2c1) lndA .

Strengthened entropic uncertainty relation

Application: Entropic uncertainty relations

In [4], a result of AT(c,0) derived from the ones presented here is the key tool to provepositivity of the MLSI for quantum spin systems.
Given a 2-local potential over Zd, some finite region Λ ⊂ Zd and β > 0, and the Gibbsstate σΛ = e−βHΛ/ tr[e−βHΛ], assume that for every Λ there is a local, primitive, re-versible and frustration-free Lindbladian LΛ such that its local terms satisfy a complete
modified logarithmic Sobolev inequality and that it satisfies a suitable clustering ofcorrelations condition (which implies a result of strong approximate tensorization).Then, there is a constant α > 0 independent of |Λ| such that for every initial state ρ

D(etLΛ∗(ρ)||σΛ) ≤ e−αtD(ρ||σΛ) ,

MLSI for quantum spin systems

Main application: MLSI

• [1] I. Bardet, Á. Capel and C. Rouzé, Approximate tensorization of the relative entropy for noncommuting
conditional expectations, preprint (2020).
• [2] I. Bardet, Á. Capel, A. Lucia, D. Pérez-García and C. Rouzé, On the modified logarithmic Sobolev

inequality for the heat-bath dynamics for 1D systems, preprint (2019).
• [3] A. Capel, A. Lucia and D. Pérez-García, Quantum Conditional Relative Entropy and Quasi-

Factorization of the Relative Entropy, J. Phys. A: Math. Theor., 51 (2018), 484001.
• [4] Á. Capel, C. Rouzé and D. Stilck França The modified logarithmic Sobolev inequality for quantum

spin systems: classical and commuting nearest neighbour interactions, preprint (2020).
• [5] P. Dai Pra, A. M. Paganoni and G. Posta, Entropy inequalities for unbounded spin systems, Annals

Prob., 30(4) (2002), 1959-1976.

References


