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: - Continuity of
Objects quantum

» H is a finite-dimensional Hilbert space.
» Hap (resp. Hapc ) is a bi-partite (resp. tri-partite) space.
> S(H) is the set of density matrices.
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Introduction

Entropies and derived quantities:

continuit

bounds

von Neumann entropy S(p) := —tr[plogp]

Umegaki relative entropy

ki relative
Relative entropies D(p||o) := tr[p(log p — log o))
Bela
Belavkin-Staszewski entropy Sta
~ relat ntropy
D(pllo) = tr[plog (o™ ?)

Applications

Conclusion

Conditional entropy H,(A|B) := S(pag) — S(pp) > —logda

Mutual information I,(A: B)=5(pa) +S(ps) — S(paB) >0

Conditional mutual information | I,(A: C|B) =1,(A: BC)—I1,(A: B) >0
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A divergence is a function D : S(Ha ® Hp) X S(Ha ® Hp) — [0, +00)
that satisfies the data processing inequality, i.e.

D(paslloas) = D(tralpas]l traloas]) = D(psllos) - continui

bound
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Problem

Divergence

A divergence is a function D : S(Ha ® Hp) X S(Ha ® Hp) — [0, +00)
that satisfies the data processing inequality, i.e.

D(paslloas) = D(tralpas]l traloas]) = D(psllos) -

Problem 1

When is a divergence continuous?

How to provide continuity bounds?

ID(p1llor) —D(p2llo2)l < fllor = p2lly, llor — o2]];)
with |-[ly := tr[| - [].
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Example: Conditional entropy (Winter, ’16)

Continuity bound for the conditional entropy

Given € > 0, consider php, pa5 € S(Ha ® Hp) with %le — p2||1 <e.
Then, we have
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with h (ﬁ) = —15:log ﬁ — 15¢ log 5 the binary entropy. it AP sl




Example: Conditional entropy (Winter, ’16)

Continuity bound for the conditional entropy

Given € > 0, consider php, pa5 € S(Ha ® Hp) with %le — p2||1 <e.
Then, we have

|H,1(A|B) — H,2(A|B)| < 2elogda + (1 + a)h(l%s) ,
with A (ﬁ) = —ﬁ log ﬁ — ﬁ log 1% the binary entropy.

Proof:
» Recall that H,(A|B) = S(wag) — S(wg) , Yw € S(Ha ® HB).
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Continuity bound for the conditional entropy

Given € > 0, consider php, pa5 € S(Ha ® Hp) with %le — p2||1 <e.
Then, we have

|H,1(A|B) — H,2(A|B)| < 2elogda + (1 + a)h(l%s) ,
with A (ﬁ) = —ﬁ log ﬁ — ﬁ log 1% the binary entropy.
Proof:

» Recall that H,(A|B) = S(wag) — S(wg) , Yw € S(Ha ® HB).
> We write

_ 1 1+ e + 1 2+ e —
_l—i—sp 1+¢ _1+5p 1+e¢

w

> We use that S(-) is concave and almost convex:

1
1+¢

&
1+¢

€
1+¢

S(pY) + ——S(AT) < S(w) < ——=S(p) + ——S(AT) +1

1+¢




Continuity of

Example: Conditional entropy (Winter, ’16)

Continuity bound for the conditional entropy

Given € > 0, consider p4 5, pi5 € S(Ha ® Hp) with %le — p2H1 <e.
Then, we have

Tiibingen)

€
_ < —_— . ntroduction
|H,1 (A|B) sz(A|B)|_2510gdA+(1+6)h(1+8)

The ALAFF method




Example: Conditional entropy (Winter, ’16)

Continuity bound for the conditional entropy

Given € > 0, consider p4 5, pi5 € S(Ha ® Hp) with %le — p2H1 <e.
Then, we have

€
|H,:1 (A|B) — H,2(A|B)| < 2clog da + (1 + g)h(lTS) ,

» Then, the conditional entropy is concave and almost convex:
1
- h(—) T 1 —— H, (A|B) + o Ha+ (AlB)

1+e

1 5 1
< H,(AB)< —— H(A|B H,_(A|lB —
< Ho(A|B) < 7~ pz<|>+1+8 <|>+h(1+5)




Example: Conditional entropy (Winter, ’16)

Continuity bound for the conditional entropy

Given € > 0, consider p4 5, pi5 € S(Ha ® Hp) with %le — p2H1 <e.
Then, we have

€
|H,:1 (A|B) — H,2(A|B)| < 2clog da + (1 + g)h(lTS) ,

» Then, the conditional entropy is concave and almost convex:

_h($)+ T2 Ha (AIB) + 1~ Ha+ (A|B)
-(1) +h( )

1
» Using that the conditional entropy can be rewritten as a relative
entropy (which is jointly convex):

1
€

1 1
< H, < —° H._ -
< Ho(A|B) < 15— H,e(AlB) + - Ha (A|B)+h(1+6)

(AlB)




Example: Conditional entropy (Winter, ’16)

Continuity bound for the conditional entropy

Given € > 0, consider p4 5, pi5 € S(Ha ® Hp) with %le — p2H1 <e.
Then, we have

€
|H,:1 (A|B) — H,2(A|B)| < 2clog da + (1 + g)h(lTS) ,

» Then, the conditional entropy is concave and almost convex:

_h($)+ T2 Ha (AIB) + 1~ Ha+ (A|B)
-(1) +h( )

1
» Using that the conditional entropy can be rewritten as a relative
entropy (which is jointly convex):

1
€

1 1
< H, < —° H._ -
< Ho(A|B) < 15— H,e(AlB) + - Ha (A|B)+h(1+6)

(AlB)

> We conclude using that [Ha (A|B)|, |Ha/(A|B)| < logda .
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» The proof of continuity of the conditional entropy only uses its
concavity and almost convexity.

Introduction

» The conditional entropy is uniformly continuous in S(H). wtinuit

nds
The ALAFF method

» When considering f(p, o), we have to be careful with the kernels.
For instance:

tr[plogp — plogo] if kero C kerp,
D(pl|o) := oo else

entropy
Applications

onclusion

» For the BS-entropy, we will further require p,o > 0.
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The ALAFF method

Prior work: Alicki-Fannes ’04, Winter '16, Shirokov ’20.

ALAFF function

A function f: S(H) — [0, +c0) is almost locally affine if for every
p,0 € S(H) and p € [0,1], we have

—bs(p) < f(pp+ (1 —p)o) —pf(p) — (1 —p)f(0) < ar(p),
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p,0 € S(H) and p € [0,1], we have
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Cond. ent.: 0 < S(pp+ (1 —p)o) —pS(p) — (1 —p)S(c) < h(p).
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p,0 € S(H) and p € [0,1], we have

—bs(p) < f(pp+ (1 —p)o) —pf(p) — (1 —p)f(0) < ar(p),

Cond. ent.: 0 < S(pp+ (1 —p)o) —pS(p) — (1 —p)S(c) < h(p).

s-perturbed A-invariant subsets

Let s € [0,1). A subset So C S(H) is called s-perturbed A-invariant, if
for p,o € Sp with p # o there exists 7 € S(H) such that the two states

AE(p,0,7) = s+ (1 —s)e tp— o]+

lie again in So. Here € := 3||p — o||, and [A]+ denotes the negative and
positive part of a self-adjoint operator, respectively.
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ALAFF function

A function f: S(H) — [0, +c0) is almost locally affine if for every
p,0 € S(H) and p € [0,1], we have

—bs(p) < f(pp+ (1 —p)o) —pf(p) — (1 —p)f(0) < ar(p),

Cond. ent.: 0 < S(pp+ (1 —p)o) —pS(p) — (1 —p)S(c) < h(p).

s-perturbed A-invariant subsets

Let s € [0,1). A subset So C S(H) is called s-perturbed A-invariant, if
for p,o € Sp with p # o there exists 7 € S(H) such that the two states

AE(p,0,7) = s+ (1 —s)e tp— o]+

lie again in So. Here € := 3||p — o||, and [A]+ denotes the negative and
positive part of a self-adjoint operator, respectively.

Cond. ent.: s =0, and thus AT = 2=71=

€
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The ALAFF method

ALAFF function

A function f: S(H) — [0, +oc0) is almost locally affine if for every
p,0 € S(H) and p € [0,1], we have

—bs(p) < f(pp+ (L—p)o) —pf(p) — (1 —p)f(0) < ar(p),

Theorem. Almost locally affine (ALAFF) method

So C S(H) be a s-perturbed A-invariant convex subset of S(H)
containing more than one element, f an ALAFF function. Then f is
uniformly continuous if

Ci:= sup  [f(p) = fo)] < +o0.

p,oES)
Slp—clli=1-s

In this case, for € € (0, 1]

1_S+EE"“’"‘( € )7

€
_ <2
sup  |f(p) = fON < Cpo + = BF (1513

P,oESH
Zllp—clli<e

with EF** an optimized version of Ef := ay + by.




Comparison to conditional entropy case
Theorem. Almost locally affine (ALAFF) method

So C S(H) be a s-perturbed A-invariant convex subset of S(H)
containing more than one element, f an ALAFF function. Then f is
uniformly continuous if

Cj = sup  |f(p) — f(o)| < +oo.
p,0ESQ
Lllp—olly=1-s

Cond. ent.: C% = sup |H,(A|B) — H,(A|B)| < 2logda.
PoES(0
Llip—clly=1

In this case, for € € (0, 1]

178+6Emax( £ )’

s €
— < (]
sup  |f(p) = fON <O + B (15 5¢

p,oESQ
Lllp—clli<e

with E?“ax an optimized version of Ef := ay + by.

Cond. ent.: ag(p) = h(p), ba(p) =0
sup  |H,(A|B) — H,(A|B)| < 2elogda + (1 + E)h( £ ) .
)

1+e
poES(H +
lp—clii<e
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Theorem. Almost concavity of the relative entropy

Let (p1,01), (p2,02) € Sker :={(p,0) € S(H) x S(H) : kero C ker p}
and p € [0,1]. With p = pp1 + (1 — p)p2 and o = po1 + (1 — p)o2,

Umegaki relative
entropy

D(pllo) > pD(p1llo1) + (1 — p)D(p2|lo2) — h(p)%\lm = p2ll; = fer,e2(P)
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Relative entropy

tr[plog p — plog o] if kero C ker p
Dipllo) = { " e

Theorem. Almost concavity of the relative entropy

Let (p1,01), (p2,02) € Sker :={(p,0) € S(H) x S(H) : kero C ker p}
and p € [0,1]. With p = pp1 + (1 — p)p2 and o = po1 + (1 — p)o2,

Umegaki relative
entropy

D(pllo) > pD(p1llo1) + (1 — p)D(p2|lo2) — h(p)%\lm = p2ll; = fer,e2(P)

h(p) = —plog(p) — (1 — p)log(1 - p),
fer,e2(p) = plog(p + (1 — p)e1) + (1 — p)log((1 — p) + pe2) -

The constants in f., ., are non-negative real numbers and are given by

- it—1 —it—1
cj = / dtﬂo(t) tr |:PjUjT0k0j 2 < o0, Jk=12, j#k,

with By a probability density on R.
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D(pllo) = pD(p1llo1) + (1 = p)D(p2|lo2) — h(p)%\lpl = p2lly = fer,e2(P)

1) = h@)5llo1 = pally + ferca(p) -

Remarks: e e
» The result is tight!
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Almost concavity of the relative entropy

Introduction

D(pllo) = pD(p1llo1) + (1 = p)D(p2|lo2) — h(p)%\lpl = p2lly = fer,e2(P)

F@) = @3 llor — pally + fer.ca )

Remarks: e e
» The result is tight! crery
» If p=0,1 then f(p) =0.
» If 01 = 02 = o, then f(p) = h(p).
» If pi,0, € S(Ha® Hp) and 0; = (pi)a ® 1g/dp for i = 1,2, then
f(p) = h(p).
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Quantity | Bound (¢ > 3[lp—all,) Introduction
Conditional entropy |H,(A|B) — Ho(A|B)| < 2elogda + (1 + E)h(HE ‘
Mutual information |[I,(A: B) — I,(A: B)| < 2elogmin{da,dp} + 2(1 + 5)h(l+5) “““‘:“‘lb‘r‘ !
Conditional (4 BIO)~ L, (4: BIO)
mutual information < 2elogmin{da,dp} +2(1 + 5)h<1i5)
Divergence bound D(pllo) < elogimz ' + (1 + 5)h< E,) e
CB (Ist input) D(p1llo) = D(pa]o)]| < elogm; + (1 +2)h (%) e
CB (2nd input) ID(pllo1) — Diplloz)| < D222 /2 D
Tooleeie:
Relative entropy (1 o logm )‘ﬁ(pi“ol) 1/ZD p;l:zzl 1/2 Conclusion
p1—p2|ly Vot lor = ozlly
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entropy
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Applications

Previously known , Compare to previous bounds.
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Conditional entropy |H,(A|B) — Hy(A|B)| < 2elogda + (1 + E)h(1+5)
Mutual information |I,(A: B) — I,(A: B)| < 2elogmin{da,dp} + 2(1 + 5>h(1+5)
Introduction
Conditional [Io(A: BIC) = 1a(A : B|O)] . almo
mutual information < 2elogmin{da,dp} +2(1 + s)h( 1;) exity
1itinuit
Divergence bound D(p|lo) < elogmy, ' + (1+ s)h(]i) e
CB (1st input) |D(p1]|o) — D(p2||o)| < elogmgt + (1 + 5)}1(15?)
CB (2nd input D(pllo1) — D(pllo2)| < 3log7m T 3 Umegaki relative
I P 14 =
entropy
Relati . [D(p1lor) — D(MHUZZ)\ :
elative entropy log 7~ 1/2 5log? m— 1/2
< (142522 lor - pall}/? + BELL oy — o} ko
Previously known , Compare to previous bounds. RS S
onclusion
Applications:

» Condition for a state to be an approzimate quantum Markov chain.
» Continuity bound for the relative entropy of entanglement.
» Continuity bound for the Rains information.

» Bound on the distance between BS and relative entropy.




Divergence bounds SR &

quantum

R = e Ourbound 135
107 Audenaert & Eisert 1.20
Vershynina 1.05
105 t'l\‘l\' R:n\)m\nn 090 _ ni E
2 3D Tiibingen)
2 0.60 3
0.45 Introduction
| - 0.30
10 .‘.’_,_....w_..—————-— o
T T T T T y 0.00
0 2 1 6 N 012 SR
Dipllr) bound
J ¢ relativi
Bound by not full  not full Bound on D(p||o) E’Iﬁj;,;l‘ relative
rank p rank o )
Bela
Our bound v v clogm, '+ (1+9)h(15)
Audenaert
mete) _ mpte
st | e (2) - mon(%2)
. 1 —1
Vershynina 19 b'e X 26N, —Ep” 08 o
mp—mg
Bratteli -1 I
. x X m -0
Robinson 81 o oo

Table: Here € = %Hp — ol|; and m. and m. are the minimal and the minimal
non-zero eigenvalue of the quantum state in the index, respectively. Further
Ap is the maximal eigenvalue of p.




Almost concavity of the Belavkin-Staszewski entropy

Belavkin-Staszewski entropy

ﬁ(p“a‘) o {tr[plog(p1/201p1/2)] if kero C ker p

+o00 else

Theorem. Almost concavity of the Belavkin-Staszewski entropy

Let (p1,01), (p2,02) € Sker,+ = {(p,0) E S(H) x S(H) : 0 € St (H)},
p € [0,1]. With p =pp1 + (1 —p)p2, 0 = po1 + (1 — p)oz,

D(pllo) > pD(p1]lo1) + (1 = p)D(palloz) = éo(1 = Gpyp)1(p) = fer.05(p)




Almost concavity of the Belavkin-Staszewski entropy

Belavkin-Staszewski entropy

ﬁ(pHU) :: {tr[plog(p1/2a 1,01/2)] if kero C ker p

+o00 else

Theorem. Almost concavity of the Belavkin-Staszewski entropy

Let (p1,01), (p2,02) € Sker,+ = {(p,0) E S(H) x S(H) : 0 € St (H)},
p € [0,1]. With p =pp1 + (1 —p)p2, 0 = po1 + (1 — p)oz,

D(pllo) > pD(p1]lo1) + (1 = p)D(palloz) = éo(1 = Gpyp)1(p) = fer.05(p)

h(p) = —plog(p) — (1 — p) log(1 - p),

fer,65(p) = plog(p + é1(1 = p)) + (1 — p)log((L — p) + é2p) ,
and the constants

= maxllo|_ o2 1
oo oo

12_12““712 —1/2, 1/2 —1 1/2\=%itt1l
¢ =*/dt50 tr[Pa(P/ 1]/) p; /"kpj /(pj/ ”jlpj/) 2 ]




Almost concavity of the relative entropy

D(pllo) > pD(p1llo1) + (1 = p) D(pz2lloz2) — éo(1 = 8y po)1(D) — for.e0(P)

Introduction

~

F(p) = Co(1 = 0pypp )1(P) — for1,e2(P) -
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(Rel. ent.: f(p) := h(p)%||p1 —p2|l; + fer,e2(P) )
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Introduction

F®) = e0(1 = 8py o )A(D) — fo1.24(D) -
(Rel. ent.: f(p) := h(p)%||p1 —p2|l; + fer,e2(P) )

Remarks:
» The result is not tight!




Almost concavity of the relative entropy

D(pllo) > pD(p1llo1) + (1 = p) D(pz2lloz2) — éo(1 = 8y po)1(D) — for.e0(P)

Introduction

F0) = 20(1 = 8pyp2)h(p) = fer,02(p) -
(Rel. ent.: f(p) := h(p)zllpr — p2lly + fer,e2 () -)
Remarks:
» The result is not tight!

» If p=0,1 then f(p) = 0.




Almost concavity of the relative entropy

D(pllo) > pD(p1llo1) + (1 = p) D(pz2lloz2) — éo(1 = 8y po)1(D) — for.e0(P)

Introduction

F®) = e0(1 = 8py o )A(D) — fo1.24(D) -
(Rel. ent.: f(p) := h(p)%||p1 —p2|l; + fer,e2(P) )

Remarks:
» The result is not tight!

» If p=20,1 then f(p) =0.

~

» If 01 = 02 = o, then f(p) = éoh(p).




Almost concavity of the relative entropy

D(pllo) > pD(p1llo1) + (1 = p) D(pz2lloz2) — éo(1 = 8y po)1(D) — for.e0(P)

Introduction

F0) = 20(1 = 8pyp2)h(p) = fer,02(p) -
(Rel. ent.: f(p) := h(p)3llo1 — p2lly + fer,e2(P) )
Remarks:
» The result is not tight!
> If p=0,1 then f(p) =
PIfcn:Ug:crthenf() ()
> prl,cneS(HA@HB)a = (pi)a®1p/dp for i = 1,2, then
F(p) = coh(p)-




Almost concavity of the relative entropy

D(pllo) > pD(p1llo1) + (1 = p) D(pz2lloz2) — éo(1 = 8y po)1(D) — for.e0(P)

F®) = e0(1 = 8py o )A(D) — fo1.24(D) -
(Rel. ent.: f(p) := h(p)%||p1 —p2|l; + fer,e2(P) )

Remarks:
» The result is not tight!

> If p=0,1 then f(p) =

PIfcn:Ug:crthenf() ()

> prl,cn € S(Ha ® Hp) an = (pi)a®1p/dp for i = 1,2, then
F(p) = coh(p)-

v

When [p;, i) = 0, we have D(pi|o:) = D(pil|o). Thus, in that
case we would expect f( ) = f(p) = h(p).




Almost concavity of the relative entropy

D(pllo) > pD(p1llo1) + (1 = p) D(pz2lloz2) — éo(1 = 8y po)1(D) — for.e0(P)

Introduction

F®) = e0(1 = 8py o )A(D) — fo1.24(D) -
(Rel. ent.: f(p) := h(p)%||p1 —p2|l; + fer,e2(P) )

Remarks:
» The result is not tight!

> If p=0,1 then f(p) =
PIfcn:Ug:crthenf() ()
> prl,cn € S(Ha ® Hp) an = (pi)a®1p/dp for i = 1,2, then

F(p) = éoh(p).

» When [p;, 0] = 0, we have D(p;||o;) = ﬁ(leal) Thus, in that
case we would expect f(p) = f(p) = h(p).

» However, the BS-conditional entropy might be discontinuous
unless o > 0. Dependence on ¢o?
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» Definition of the BS-conditional entropy

Introduction

H,(A|B) D(pap||1a® pp) ITI/V,‘"(A|B) = sup —D(pap|la®op)
opeS(Hp)
Discontinuous on S(H) Continuous on S(H)

Umegaki relative
entrop;
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Taming the BS-entropy

» Definition of the BS-conditional entropy :

H,(A|B) := —D(pag|la® ps) ITI/V,‘"(A|B) = sup —D(pap|la®op)
opeS(Hp)
Discontinuous on S(H) Continuous on S(H)

» Defintion of BS-mutual information

f,,(A : B) := ﬁ(pABH/)A ® pB) IA,‘,'*"(A\B) = sup D(paglloa ®op)
CARIBES(HABHE)

Bounded by 2logmin{da,ds}

+ log min{ prl Hm’ ”/151 Hoo} Bounded by 2logmin{da,dp}

Continuity of
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» Definition of the BS-conditional entropy :
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Continuity of
quantum

Taming the BS-entropy

riversité
Tiibingen)

niropy

Introduction

» Definition of the BS-conditional e

continuit

bound

—D(pas|la®op)

H,(A|B) := —D(pag|la® ps) ITI/V,‘"(A|B) = sup
Continuous on S(H)

Discontinuous on S(H)
ki relative

Ume

» Defintion of BS-mutual information

fp(A JB)= ﬁ(pABH/?A ® pB) IA,‘,'”(A\B) = sup D(paplloa ®op)
cA®TBES(HA®HE)
Application

e 2log mi
Bounded by 2log min{da,dp} Bounded by 2logmin{da,dp} onclusion

+logmindlp3 . oz}
» Definition of BS-conditional mutual information

I(A: B|C) = H,(A|C) — H,(A|BC)




Continuity of

Derived continuity and divergence bounds

Quantity ‘ Bound (p,0 € S>m(H), € > %Hp —olly, lm =1 —mdy) ‘ Order Tiibingen)
B < 21" e(log min{lifi;flzogy(,ﬁ;)?llT::s Zm(ﬁ) ~m/e bounds
Bs-CME < 251'%%138;5521; %ﬁlfggm (e) ~mTiE Umegaki relative
Div. bound f)(p”a) <elogm,'+ (1 +5)m;1h(1;) ~m e N

relative entropy
Applications

Conclusion




Continuity of

Derived continuity and divergence bounds

quantum

Quantity | Bound (p,0 € Som(H), e > 2llp—olly, lm :=1—mds) | Order Tiibingen)
|H,(A|B) — Ho (A|B)] o
BS. B i U ntroduction
SOMAERE | giztelogda + B (fpms e + ) (1552 e .
[T(A: B) = T,(A: B)|
BS-MI ~mT/e
£ < 20 e(log min{da,ds} + log m~h) + IT:E z,,(ﬁ) mTe
, I,(A: B|C)—I1,(A: B|C)]| 1
BS-CMI I ~m G
< 2¢el; logmin{da, vVdasc} + 29m(c) Ve
Div. bound D(pllo) <clogmy' + (1 +5)m;1h(1;) ~m e
Applications:

» Continuity bound for the variational BS-conditional entropy. it

onclusion

» Continuity bound for the BS-entropy of entanglement.
» Continuity bound for the BS-Rains information.




Continuity of

Applications

Applications:

» Condition for a state to be an approximate quantum Markov chain.

Introduction
Quantum hypothesis testing.

Continuity bound for the asymptotic distillable athermality. mtiau

Continuity bound for the relative entropy of entanglement. B
Continuity bound for the Rains information.

Bound on the distance between BS and relative entropy.
Weak quasi-factorization of the relative entropy.

entropy

Entropic uncertainty relations.

Applications

Continuity bound for the variational BS-conditional entropy.

Conclusion

Continuity bound for the BS-entropy of entanglement.

VVYyVVVVVYVYYVYY

Continuity bound for the BS-Rains information.
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Applications

Applications:

» Condition for a state to be an approximate quantum Markov chain. R
Quantum hypothesis testing.
Continuity bound for the asymptotic distillable athermality. continuit
Continuity bound for the relative entropy of entanglement. B
Continuity bound for the Rains information.

Bound on the distance between BS and relative entropy.

Weak quasi-factorization of the relative entropy.

entrop

Entropic uncertainty relations.
Applications
Continuity bound for the variational BS-conditional entropy. o

Conclusion

Continuity bound for the BS-entropy of entanglement.

VVYyVVVVVYVYYVYY

Continuity bound for the BS-Rains information.




Continuity of

Approximate quantum Markov chain

|
pasc € S(Hagc) is a quantum Markov chain (A <> B < O) iff

1/2 — —1/2 1/2
PABC = pA/BpB " ppe PB / pA/B

Introduction
It is an e-approxrimate quantum Markov chain ift

Ip(A:C|B)<5, ‘tinuit

nds

Carlen-Vershynina 20 + Continuity bound for CMI:

(5) 51 oabell . llease —eXies pncen'* o,
<I,(A:C|B)

. _ _ 1/2
<2 (logmin{da,dc} +1) HPABC = pZ/BQpB /2 chpBl/QpZ/;H

|
PABC is an e-approzimate quantum Markov chain iff

1/2 — —1/2 1/2
PABC ™~ pA/BpB 2 PBCPp / pA/B




Continuity of

Approximate BS-recoverable state

_____________________________________________________________________|
pasc € S(Hagc) is a BS-recoverable state (Bluhm-C. ’20) iff

PABC = pAB/J]_glch ]

Introduction

It is an e-approximate BS-recoverable state iff

I,(A:C|B)<e. imuit

nds

Bluhm-C. 20 4+ Continuity bound for CMI (If valid for non-positive
matrices!)

4

2
HPABC - pABp}}lchul

.-

(5) lloasean @ cexsé|leabol
<I,(A:0|B)

1/2

<K (HPABCH dABC) HPABC — PABPgR chH

|
PABC is an e-approximate BS-recoverable state iff

PABC ~ pABpglch 5




Continuity of

Approximate BS-recoverable state

/—/A% 7(71\

Introduction

(Bluhm-C.-Perez Hernandez, ’22)

If papc is the Gibbs state of a local, translation-invariant Hamiltonian — [BSSes
in 1D (at every temperature): pound

|lpaBc — pasps'pec|, < 8(BI),

with § decaying superexponentially fast.

entrop

» Thus, if the CB was valid for non-positive matrices,
Applications
T 1/2 ‘]‘,Im, on
I,(A:C|B) <K (HpABCHOO,dABC lpaBc — pasps chH
and the BS-CMI would decay in 1D superexponentially fast at
every temperature!
» For the CMI in 1D, it is only known exponentially fast at high
temperature (Kuwahara-Kato-Brandao '20) and subexponentially
fast at low temperature (Kato-Brandao '19).




Continuity of optimized quantities

1 ——
Let C C S(H) be a compact convex subset with at least one positive
definite state. We can define the minimal distance to C in terms of the
relative entropy (resp. BS-entropy) as

De(p) = inf D(pl) (ﬁc(p) = Wigfcf?(pllv)) (1)

Then, this quantity is almost concave:

De(ppr + (1 —p)p2) = pDe(p1) + (1 — p)De(p2) — h(p) -
(similar for the BS-entropy)

This outputs continuity bounds for
» The (BS-) relative entropy of entanglement.
» The (BS-) Rains information.

» The variational BS-conditional entropy.
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Outlook & Future work

» Improve bound on BS-entropy

— In case p and o commute, we

would expect the bound of
the BS and relative entropy
to coincide.

Hyppi(1-p)o (AI1B) = p

0.24
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1.0e-16
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» Improve bound on BS-entropy

— In case p and o commute, we
would expect the bound of
the BS and relative entropy
to coincide.

— Numerics suggest a bound of
the BS- conditional entropy
independent of minimal
eigenvalues.
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Outlook & Future work

» Improve bound on BS-entropy

— In case p and o commute, we
would expect the bound of
the BS and relative entropy
to coincide.

— Numerics suggest a bound of
the BS- conditional entropy
independent of minimal
eigenvalues.

» Understand pathology of

BS-entropy.

(1-p)o(AIB) = pH,(A|B) — (1 - p) Ho (A B)

Hyps

0.24

e 1.0e-04
1.0e-08
1.0e-16
1.0e-32

Continuity of
quantum
ent i

niversitat
Tiibingen)

Conclusions




Outlook & Future work Continuity of

quantum

pi

» Improve bound on BS-entropy Tibiagen)

— In case p and o commute, we
would expect the bound of
the BS and relative entropy
to coincide.

— Numerics suggest a bound of
the BS- conditional entropy
independent of minimal

(A|B) - (1 - p)Ho (A|B)

054 . . e 1.0e-04
. R 1.0e-08

1.0e-16
1.0e-32

0.24

eigenvalues. % 014
» Understand pathology of ;)_(,_
BS-entropy. < 00 02 04 06 08 10
14
» Apply method to other
divergences:

Conclusions

Prove almost concavity for Tsallis, Petz Rényi, Sandwiched Rényi,
Geometric Rényi, etc.




Summary Continuity of

» We have constructed the ALAFF Method to derive continuity
bounds of entropic quantities.

Introduction

» We have recovered best-known bounds for the relative entropy in ‘ ‘
addition to new divergence and continuity bounds. wexity

» We have obtained first bounds on BS-conditional entropy,
BS-mutual information, BS-conditional mutual information and
divergence and continuity bounds for the BS.

» This yields numerous applications in quantum information theory.

entropy

Applications

Conclusions

Thank you for your attention!

Do you have any questions?
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