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Overview Results Applications

Motivation

Motivation

Describe the correlation properties of Gibbs states of local Hamiltonians.

Hamiltonian: HΛ = HA +HB +H(A∪B)c +H∂A +H∂C ,

Gibbs state: ρΛ(β) = e−βHΛ /Tr[e−βHΛ ] .

Questions:

For non-commuting Hamiltonians:

e−β(HA+HB) ≈ e−βHA e−βHB ?

trAc [ρ
Λ]⊗ trBc [ρ

Λ] :=
(
ρΛ)

A
⊗
(
ρΛ)

B
≈

tr(A∪B)c [ρ
Λ] :=

(
ρΛ)

A∪B ?
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Overview

Motivation

Describe the correlation properties of Gibbs states of local Hamiltonians.

3 different forms of decay of correlations.

A finite lattice Λ ⊂ ZD .

For each site x ∈ Λ, Hx ≡ Cd .

HΛ =
⊗
x∈Λ

Hx ≡ (Cd)⊗|Λ| .

AΛ = B(HΛ) ≡Md(C)⊗|Λ| .
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Overview

Operator correlation

ΨX (Q) := Tr[ρXQ] , Q ∈ AX

Corr
ρΛ

(A : C) :=

sup
∣∣ΨΛ(OAOC)− ΨΛ(OA)ΨΛ(OC)

∣∣
over ‖OA‖, ‖OC‖ ≤ 1.

Decay:
CorrρΛ (A : C) ≤ f(d(A : C))
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Overview Results Applications Op. Correlation Mutual Inf. Approx. recover.

Exponential decay of correlations

Operator correlation

ΨI(Q) := Tr[ρIQ] , Q ∈ AI with ρI = e−βHI /Tr[e−βHI ]

CorrρI (A : C) := sup
‖OA‖,‖OC‖≤1

∣∣ΨI(OAOC)−ΨI(OA)ΨI(OC)
∣∣

Exponential uniform clustering

There exist K, γ > 0 such that for every finite lattice Λ = ABC,

CorrρΛ (A : C) ≤ K e
−γd(A,C)

Conjecture:

In 1D, there are no thermal phase transitions.

⇓

Exponential uniform clustering holds in 1D at every β > 0.
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Ángela Capel (University of Tübingen) Exponential decay of MI



Overview Results Applications Op. Correlation Mutual Inf. Approx. recover.

Exponential decay of correlations

Operator correlation

ΨI(Q) := Tr[ρIQ] , Q ∈ AI with ρI = e−βHI /Tr[e−βHI ]

CorrρI (A : C) := sup
‖OA‖,‖OC‖≤1

∣∣ΨI(OAOC)−ΨI(OA)ΨI(OC)
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Exponential uniform clustering in 1D

There exist K, γ > 0 such that for every finite interval I = ABC,

CorrρI (A : C) ≤ K e
−γ|B|

Theorem (Araki, ’69)

I AZ algebra of quasi-local observables.

I ΨZ unique KMS state ΨZ(Q) = lim
I↗Z

ΨI(Q).

Assume translation-invariant interactions. There exist K′, γ′ > 0 such that for every finite interval
I = ABC,

sup
‖OA‖,‖OC‖≤1

∣∣ΨZ(OAOC)−ΨZ(OA)ΨZ(OC)
∣∣ ≤ K′ e−γ′|B|
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There exist K, γ > 0 such that for every finite interval I = ABC,

CorrρI (A : C) ≤ K e
−γ|B|

⇓ (easy) ⇑ Thm. (Bluhm-C.-Perez Hernandez ’21)

Theorem (Araki, ’69)

I AZ algebra of quasi-local observables.

I ΨZ unique KMS state ΨZ(Q) = lim
Z↗Z

ΨI(Q).

Assume translation-invariant interactions. There exist K′, γ′ > 0 such that for every finite interval
I = ABC,

sup
‖OA‖,‖OC‖≤1

∣∣ΨZ(OAOC)−ΨZ(OA)ΨZ(OC)
∣∣ ≤ K′ e−γ′|B|
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Decay of mutual information

Mutual information

Iρ(A : B) := D(ρAB ||ρA ⊗ ρB) .

By Hölder and Pinsker’s inequalities:

Iρ(A : B) ≥
1

2
‖ρAB − ρA ⊗ ρB‖21 ≥

1

2
Corrρ(A : B)2 .

Decay of mutual information
⇒
: Decay of correlations

There are states with small operator correlation and large mutual information in quantum data hiding

(Hayden et al. ’04).

Area laws

Iρ(A : Ac) ≤ O(|∂A|) .

Wolf et al., ’08: Area laws for the mutual information (improved: Kuwahara et al. ’20).

Scalet et al., ’21: Area laws for geometric Rényi divergences.
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BS-entropy and geometric Rényi divergences

Belavkin-Staszewski relative entropy

D̂(ρAC ||σAC) := Tr
[
ρAC log

(
ρ

1/2
ACσ

−1
ACρ

1/2
AC

) ]
.

Geometric Rényi divergences, α > 1

D̂α(ρAC ||σAC) :=
1

α− 1
logTr

[
σ

1/2
AC

(
σ
−1/2
AC ρACσ

−1/2
AC

)α
σ

1/2
AC

]
.

D(ρAC ||σAC) ≤ D̂(ρAC ||σAC) ≤ D̂α(ρAC ||σAC) for every α > 1.

BS-mutual information

Îρ(A : C) := D̂(ρAC || ρA ⊗ ρC)

Bound for the BS-mutual information (Bluhm-C.-Pérez Hernández, ’21)

Îρ(A : C) ≤
∥∥∥ρ−1
A ⊗ ρ

−1
C ρAC − 1AC

∥∥∥ .
Chain of inequalities:

1

2
Corr(A : C)2 ≤

1

2
‖ρAC − ρA ⊗ ρC‖21 ≤ Iρ(A : C)

≤ Îρ(A : C) ≤ Îαρ (A : C) ≤ ‖ρ−1
A ⊗ ρ

−1
C ρAC − 1AC‖.
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Îρ(A : C) := D̂(ρAC || ρA ⊗ ρC)

Bound for the BS-mutual information (Bluhm-C.-Pérez Hernández, ’21)

Îρ(A : C) ≤
∥∥∥ρ−1
A ⊗ ρ

−1
C ρAC − 1AC
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Chain of inequalities:
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2
Corr(A : C)2 ≤

1

2
‖ρAC − ρA ⊗ ρC‖21 ≤ Iρ(A : C)

≤ Îρ(A : C) ≤ Îαρ (A : C) ≤ ‖ρ−1
A ⊗ ρ

−1
C ρAC − 1AC‖.
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Belavkin-Staszewski relative entropy

D̂(ρAC ||σAC) := Tr
[
ρAC log

(
ρ

1/2
ACσ

−1
ACρ

1/2
AC

) ]
.
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Exponential decay of mutual information in 1D

Exponential decay mixing condition (Bluhm-C.-Pérez Hernández, ’21)

Assuming exponential uniform clustering, there exist K, γ > 0 such that for every finite

interval I = ABC and ρ = ρI = e−βHI /Tr[e−βHI ],

Iρ(A : C) ≤ Îρ(A : C) ≤ ‖ρ−1
A ⊗ ρ

−1
C ρAC − 1AC‖ ≤ K e−γ|B|

Corollary (Bluhm-C.-Pérez Hernández, ’21)

The following are equivalent:

1 Exponential decay of correlations for the infinite-chain thermal states.

2 Exponential uniform clustering.

3 Exponential decay of the mutual information

Corollary (Bluhm-C.-Pérez Hernández, ’21)

If ρ is the Gibbs state of a local, finite-range, translation-invariant (non-commuting)
Hamiltonian, for any β > 0 and I = ABC ,

Iρ(A : C) ≤ K e−γ|B| .
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Sketch of the proof

Exponential decay mixing condition

Assuming exponential uniform clustering, there exist K, γ > 0 such that for every finite

interval I = ABC and ρ = ρI = e−βHI /Tr[e−βHI ],

Iρ(A : C) ≤ Îρ(A : C) ≤ ‖ρ−1
A ⊗ ρ

−1
C ρAC − 1AC‖ ≤ K e−γ|B|

Ingredients:

Imaginary-time Lieb-Robinson bounds (Araki, ’69)

Araki’s expansionals (Araki, ’69): E = eHA+HB e−HAB

Exponential uniform clustering

Local indistinguishability (Brandao-Kast., ’19):
(
ρABC

)
A
≈
(
ρAB

)
A
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Conditional Mutual Information

Conditional mutual information

Iρ(A : C|B) := S(ρAB) + S(ρBC)− S(ρB)− S(ρABC)

for S(ρ) = −Tr[ρ logρ].

Strong subadditivity and recoverability (Lieb-Ruskai, ’73, Petz, ’86)

Iρ(A : C|B) ≥ 0

and Iρ(A : C|B) = 0 if, and only if, ρABC is a quantum Markov chain (A↔ B ↔ C):

I ρABC = ρ
1/2
ABρ

−1/2
B ρBCρ

−1/2
B ρ

1/2
AB .

I There is a recovery map RB→AB such that
ρABC = RB→AB(ρBC) .

In general, for any quantum channel T and positive states ρ and σ,

D(ρ‖σ) ≥ D(T (ρ)‖T (σ)) and D(ρ‖σ) = D(T (ρ)‖T (σ)) ⇔ ρ = σ
1
2 T ∗

(
T (σ)

− 1
2 T (ρ)T (σ)

− 1
2

)
σ

1
2

Decay CMI in 1D (Kato-Brandao, ’19)

There exist K, γ > 0 such that for every finite interval I = ABC and ρ = ρI = e−βHI /Tr[e−βHI ],

I Iρ(A : C|B) ≤ Ke−γ
√
|B|.

I There is a recovery map RB→AB such that

‖ρABC −RB→AB(ρBC)‖1 ≤ e−γ
√
|B| .
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Approximate factorization of Gibbs states

BS - Conditional mutual information

Îρ(A : C|B) := D̂(ρABC ||ρAB)− D̂(ρBC ||ρB)

for D̂(ρ||σ) = Tr[ρ log(ρ1/2σ−1ρ1/2)].

Bluhm-C., ’20: For any quantum channel T and any positive states ρ and σ:

ρ = σ T ∗
(
T (σ)

−1T (ρ)
)

⇐⇒ D̂(ρ||σ) = D̂(T (ρ)||T (σ)) .

For two positive states ρABC , σABC ∈ HABC such that σABC = ρAB ⊗ 1C/dC and a
T := 1A/dA ⊗ TrA,

ρABC = ρABρ
−1
B ρBC ⇐⇒ D̂(ρABC ||ρAB) = D̂(ρBC ||ρB)

Approximate factorization (Bluhm-C.-Pérez Hernández, ’21)

There exists a positive function ` 7−→ δ(`), exhibiting superexponential decay, such that for
every three adjacent and finite intervals ABC,

‖ρABC − ρABρ−1
B ρBC‖1 ≤ δ(|B|) .
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Applications to MLSI

Exponential decay mixing condition

Assuming exponential uniform clustering, there exist K, γ > 0 such that for every

finite interval I = ABC and ρ = ρI = e−βHI/Tr[e−βHI ],

‖ρ−1
A ⊗ ρ

−1
C ρAC − 1AC‖ ≤ K e−γ|B|

MLSI for heat-bath dynamics (Bardet-C.-Lucia-Perez Garcia-Rouze, ’21)
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Applications to MLSI

Exponential decay mixing condition

For translation-invariant interactions, there exist K, γ > 0 such that for every finite
interval I = ABC and ρ = ρI = e−βHI/Tr[e−βHI ],

‖ρ−1
A ⊗ ρ

−1
C ρAC − 1AC‖ ≤ K e−γ|B|

MLSI for heat-bath dynamics (Bardet-C.-Gao-Lucia-Perez Garcia-Rouze, ’21)

Positive MLSI (O(log(|I|))) for Davies generators in 1D at any β > 0.
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Applications to MPO approximation

Approximate factorization (Bluhm-C.-Pérez Hernández, ’21)

There exists a positive function ` 7−→ δ(`), exhibiting superexponential decay, such that for
every three adjacent and finite intervals ABC,

‖ρABC − ρABρ−1
B ρBC‖1 ≤ δ(|B|) .

Approximation by MPOs (Bluhm-C.-Pérez Hernández, ’22)

There exists G,K > 1 such that for every finite interval I ⊂ Z, split into I = A1A2 . . . An with
|Aj | = m for every j = 1, . . . , n, and for ρ = ρI the Gibbs state on I,∥∥∥ρ− ρ1:2 ρ

−1
2 ρ2:3 ρ

−1
3 ρ3:4 ρ

−1
4 . . . ρn−1:n

∥∥∥
1
<

(
1 + K̃(β)

G(β)m

m!

)n−2

− 1 .

Bond dimension: ∼ log(m)/loglog(m).

Kuwahara, Alhambra, Anshu, ’21 ∼ log(m).

Ángela Capel (University of Tübingen) Exponential decay of MI



Overview Results Applications

Applications to MPO approximation

Approximate factorization (Bluhm-C.-Pérez Hernández, ’21)

There exists a positive function ` 7−→ δ(`), exhibiting superexponential decay, such that for
every three adjacent and finite intervals ABC,

‖ρABC − ρABρ−1
B ρBC‖1 ≤ δ(|B|) .

Approximation by MPOs (Bluhm-C.-Pérez Hernández, ’22)
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Conclusions

In this talk:

For Gibbs states of local Hamiltonians in 1D at every β > 0, the following are
equivalent:

1 Exponential decay of correlations for the infinite-chain thermal states.
2 Exponential uniform clustering.
3 Exponential decay of the mutual information.

Assuming translation-invariant interactions, all of them hold.

Applications for positivity of MLSIs and approximation of Gibbs states by
MPOs.

Open problems:

More applications?

Extension to higher dimensions?

THANK YOU FOR YOUR ATTENTION!
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Ángela Capel (University of Tübingen) Exponential decay of MI



Overview Results Applications

Conclusions

In this talk:

For Gibbs states of local Hamiltonians in 1D at every β > 0, the following are
equivalent:

1 Exponential decay of correlations for the infinite-chain thermal states.
2 Exponential uniform clustering.
3 Exponential decay of the mutual information.

Assuming translation-invariant interactions, all of them hold.

Applications for positivity of MLSIs and approximation of Gibbs states by
MPOs.

Open problems:

More applications?

Extension to higher dimensions?

THANK YOU FOR YOUR ATTENTION!

Ángela Capel (University of Tübingen) Exponential decay of MI
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