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o A finite lattice A C ZP .

\ e For each site z € A, H, = C? .

s o Ha= @ H. = (CH®IN

2 9 zEA

t o Ax = B(Ha) = My(C)®A! .

> 9 @ Apg — Ap QAHQA®]1A\A~

> 9 Hamiltonian

j j o Hpy = ZHx, with ||HXH§Jand
XCA

— |Hx|| = 0 if diam(X) > r .

o pt = ph(B) = e PHA | Tx[e=PHA] .
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Overview Results Applications

OVERVIEW

OPERATOR CORRELATION

Tx(Q) = Tr[pXQl, Q € Ax
C‘orrpA (A:QC):=
sup|¥A (040¢) — ¥A(0a)¥A(O0)]
over [[O4]], |Ocll < 1.
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Decay:
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rview Results Applications Op. Correlation Mutual Inf. Approx. recover.

EXPONENTIAL DECAY OF CORRELATIONS
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OPERATOR CORRELATION

U (Q) :=Te[p’Ql, Q € Ar with p’ = e P1 /Ty[e™PH1]

Corr 1 (A: C) := sup |[¥1(0a0c) — ¥1(0a)¥1(00)|
lloall:llocli<1
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EXPONENTIAL DECAY OF CORRELATIONS

I
0099992990292 9000000

OPERATOR CORRELATION

|{

U (Q) :=Te[p’Ql, Q € Ar with p’ = e P1 /Ty[e™PH1]

Corr 1 (A: C) := sup |[¥1(0a0c) — ¥1(0a)¥1(00)|
lloall:llocli<1
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Results Op. Correlation Mutual Inf. Approx. recover.

EXPONENTIAL DECAY OF CORRELATIONS
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OPERATOR CORRELATION

|{

U (Q) :=Te[p’Ql, Q € Ar with p’ = e P1 /Ty[e™PH1]

Corr 1 (A: C) := sup |[¥1(0a0c) — ¥1(0a)¥1(00)|
lloall:llocli<1

EXPONENTIAL UNIFORM CLUSTERING

There exist IC,y > 0 such that for every finite lattice A = ABC,
Corr o (A:C) < Ke 744

A

Conjecture:
In 1D, there are no thermal phase transitions.
i

Exponential uniform clustering holds in 1D at every 8 > 0.

Angela Capel (University of Tiibingen) Exponential decay of MI



Results Op. Correlation Mutual Inf. Approx. recover.

EXPONENTIAL DECAY OF CORRELATIONS

1
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OPERATOR CORRELATION

|

U (Q) :=Tr[p’Ql, Q € Ar with p! = e A1/ Ty[e=PH1]

CorrpI(A:C) o= sup |\I!1(OAOC)—‘III(OA)‘III(OC)|
floallllocli<t

EXPONENTIAL UNIFORM CLUSTERING IN 1D

There exist I,y > 0 such that for every finite interval I = ABC,
Corr,1(A: C) < Ke 717!
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U (Q) :=Tr[p’Ql, Q € Ar with p! = e A1/ Ty[e=PH1]
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floallllocli<t

EXPONENTIAL UNIFORM CLUSTERING IN 1D

There exist I,y > 0 such that for every finite interval I = ABC,

Corr,1(A: C) < Ke 717!

THEOREM (ARAKI, '69)

> 2y algebra of quasi-local observables.

> WUy unique KMS state ¥z(Q) = Ili/n};\I/I(Q).
Assume translation-invariant interactions. There exist K’,+’ > 0 such that for every finite interval
I = ABC,

sup | ¥7(040¢) — ¥1(04)¥1(Oc)| < K/ e 1B

loall-llocli<t
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Results Op. Correlation Mutual Inf. Approx. recover.

EXPONENTIAL DECAY OF CORRELATIONS
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OPERATOR CORRELATION
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COrrpI(A:C) = sup |\I’1(OAOc)—\I/1(OA)\I/1(Oc)|
loalllloclis1

EXPONENTIAL UNIFORM CLUSTERING IN 1D

|

There exist K,y > 0 such that for every finite interval I = ABC,
Corr 1 (A: C) < o id

A

| (easy) 1+ Thm. (Bluhm-C.-Perez Hernandez '21)

THEOREM (ARAKI, ’69)

» 2y algebra of quasi-local observables.

» Uy unique KMS state  ¥z(Q) = yll/rpy‘llI(Q)
Assume translation-invariant interactions. There exist /', v’ > 0 such that for every finite interval
I=ABC,

)l
sup |¥1(0A0c) — U1 (0A)¥1(Oc)| < K/ e |7
Jlogll<t

loal
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Results Op. Correlation Mutual Inf. Approx. recover.

DECAY OF MUTUAL INFORMATION

MUTUAL INFORMATION

I,(A: B) :=D(pagllpa ® pp) -

By Holder and Pinsker’s inequalities:

1 1
Ip(A: B) 2 S llpaB —pa® plli > el B)?.

Decay of mutual information Z Decay of correlations

There are states with small operator correlation and large mutual information in quantum data hiding
(Hayden et al. '04).

ela Capel (University of Tiibingen) Exponential decay of MI



Results Op. Correlation Mutual Inf. Approx. recover.

DECAY OF MUTUAL INFORMATION

MUTUAL INFORMATION

I,(A: B) :=D(pagllpa ® pB) -

By Holder and Pinsker’s inequalities:

1 1
I,(A:B) > §||PAB —pa®ppli > > Corry(A: B)?.

Decay of mutual information z Decay of correlations

There are states with small operator correlation and large mutual information in quantum data hiding
(Hayden et al. ’04).

AREA LAWS

Lp(A: A%) < O(IDAl).

Wolf et al., ’08: Area laws for the mutual information (improved: Kuwahara et al. ’20).

Scalet et al., ’21: Area laws for geometric Rényi divergences.
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Results Op. Correlation Mutual Inf. Approx. recover.

BS-ENTROPY AND GEOMETRIC RENYI DIVERGENCES

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

1/2 7 — 1/2
D(PAC H oac) = Tr [PAC log (PA/CUAéPA/c)] .
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1/2 7 — 1/2
D(pac|loac) = Tr [PAC log (PA/CUAé'ﬂA/c)] .

RENYI DIVERGENCES, o > 1

1 1/2 ( —1/2 —1/2\% 1/2
p— logTr[cfA/C (O'AC/ pACO'AC/) O'A/C].

Da(paclloac) =
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Op. Correlation Mutual Inf. Approx. recover.

Results

BS-ENTROPY AND GEOMETRIC RENYI DIVERGENCES

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

1/2 7 — 1/2
D(PAC H oac) = Tr [PAC log (PA/CUAéPA/c)] .

RENYI DIVERGENCES, a > 1

= 1 1/2 ( _—1/2 —1/2\* 1/2
Do (pac ||oac) = P logTr [UA/C, (O'AC/ pACO'AC/ ) O'A/O] .

D(paclloac) < D(paclloac) < Dalpaclloac) for every a> 1.
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BS-ENTROPY AND GEOMETRIC RENYI DIVERGENCES

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

=N 1/2 7 — 1/2
D(PAC H oac) = Tr [PAC log (PA/CUAé'ﬂA/c)] .

GEOMETRIC RENYT DIVERGENCES, a > 1

= 1
Do (pac ||oac) = — logTr [UA/Cz (O'AC/ pAcO'Aé/Q) 114/02] .

D(paclloac) < D(paclloac) < Dalpaclloac) for every a> 1.

BS-mutual information
Io(A: C) := D(pac |l pa @ pc)

BOUND FOR THE BS-MUTUAL INFORMATION (Bluhm-C.-Pérez Hernéndez, '21)

T(4:0) < |’ @ pg'pac — Lac|| -
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Results Op. Correlation Mutual Inf. Approx. recover.

BS-ENTROPY AND GEOMETRIC RENYI DIVERGENCES

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

=N 1/2 7 — 1/2
D(PAC H oac) = Tr [PAC log (PA/CUAé'ﬂA/c)] .

GEOMETRIC RENYT DIVERGENCES, a > 1

= 1
Do (pac ||oac) = — logTr [UA/Cz (O'AC/ pAcO'Aé/Q) 114/02] .

D(paclloac) < D(paclloac) < Dalpaclloac) for every a> 1.

BS-mutual information
Io(A: C) := D(pac |l pa @ pc)

BOUND FOR THE BS-MUTUAL INFORMATION (Bluhm-C.-Pérez Hernéndez, '21)

T(4:0) < |’ @ pg'pac — Lac|| -

Chain of inequalities:
1 1
< Dl C)? < sllpac —pa® pcllf < Ip(A:C)

< Tp(A:C) < T3(A:0) < llpx' ® pg'pac — Lacll.
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Results Op. Correlation Mutual Inf. Approx. recover.

EXPONENTIAL DECAY OF MUTUAL INFORMATION IN 1D

I
9099992929292 90200000

%/—/
A

EXPONENTIAL DECAY MIXING CONDITION (Bluhm-C.-Pérez Herndndez, ’21)

Assuming exponential uniform clustering, there exist K,y > 0 such that for every finite
interval I = ABC and p = p! = e AH1 /Tr[e=AHI],

I(A:C) < I,(A:C) < |Ip3' @ pgtpac —Lac| < Ke V1Bl
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Results Op. Correlation Mutual Inf. Approx. recover.

EXPONENTIAL DECAY OF MUTUAL INFORMATION IN 1D

I
9099992929292 90200000
%/—/, - _/

A

EXPONENTIAL DECAY MIXING CONDITION (Bluhm-C.-Pérez Herndndez, ’21)

Assuming exponential uniform clustering, there exist K,y > 0 such that for every finite
interval I = ABC and p = p! = e=AHr1 /Ty[e=FHI],

I(A:C) < I(A: C) < |Ip;" @ pg'pac — Lacll < Ke 1Pl )

COROLLARY (Bluhm-C.-Pérez Herndndez, ’21)

The following are equivalent:

© Exponential decay of correlations for the infinite-chain thermal states.
© Exponential uniform clustering.

© Exponential decay of the mutual information
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interval I = ABC and p = p! = e=AHr1 /Ty[e=FHI],

I(A:C) < I(A: C) < |Ip;" @ pg'pac — Lacll < Ke 1Pl

-

COROLLARY (Bluhm-C.-Pérez Herndndez, ’21)

The following are equivalent:
© Exponential decay of correlations for the infinite-chain thermal states.
© Exponential uniform clustering.

© Exponential decay of the mutual information

-

COROLLARY (Bluhm-C.-Pérez Herndndez, ’21)

If p is the Gibbs state of a local, finite-range, translation-invariant (non-commuting)
Hamiltonian, for any 8 > 0 and I = ABC'

I,(A:0) < Ke "Bl
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Results Op. Correlation Mutual Inf. Approx. recover.

SKETCH OF THE PROOF

Q0099929902920 020000
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A

EXPONENTIAL DECAY MIXING CONDITION

Assuming exponential uniform clustering, there exist I,y > 0 such that for every finite
interval I = ABC and p = p! = e=AHr1 /Ty[e=AHI],

I,(A:C) < T,(A: C) < [lpa* ® p5tpac — Lacll < Ke B

%Qe’\

@ Imaginary-time Lieb-Robinson bounds (Araki, '69) 9000000000000000

e

9000000000000000

@ Araki’s expansionals (Araki, ’69): FE =eHatHpe—Han A B

Ingredients:

o Exponential uniform clustering

o Local indistinguishability (Brandao-Kastoryano, '19)
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Results . C tion Mutual Inf. Ppprox. recover.

CONDITIONAL MUTUAL INFO

CONDITIONAL MUTUAL INFO
I,(A: C|B) := S(pas) + S(psc) — S(ps) — S(pasc)

for S(p) = —Tr[plogp].
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Results Op. Correlation Mutual Inf. Approx. recover.

CONDITIONAL MUTUAL INFORMATION

CONDITIONAL MUTUAL INFORM 7

I,(A:C|B) :=S(pag) + S(prc) — S(ps) — S(pasc)
for S(p) = —Tr[plogp].

STRONG SUBADD [ 4 1LITY (Lieb-Ruskai, ’73, Petz, 1

I,(A:C|B)>0
and I,(A : C|B) = 0 if, and only if, papc is a quantum Markov chain (A > B + C):

1/2 —1/2 —1/2 1/2
> paBsc :pA/BpB 4 PBCPp 4 pA/B'

» There is a recovery map Rp_, op such that
paBc = RpsaB(psc) -

In general, for any quantum channel 7 and positive states p and o,

D(pllo) > D(T(p)IT()) and D(pllo) = D(T()IT(0)) & p=02T" (T(0) 2T (p)T(0) %) 02
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Results Op. Correlation Mutual Inf. Approx. recover.

CONDITIONAL MUTUAL INFORMATION

CONDITIONAL MUTUAL INFO ION

I,(A: C|B) := S(pas) + S(pec) — S(ps) — S(pasc) 1
for S(p) = —Tr[plogp).

ONG SUBADDITIVITY AND RECOVERABILITY (Lieb-Ruskai,

I,(A:C|B) >0 ]

and I,(A : C|B) = 0 if, and only if, papc is a quantum Markov chain (A <+ B <> C):

1/2 -1/2 —1/2 1/2
> paBc :PA/BPB / PBCPB / PA/B»

» There is a recovery map R, op such that
paBc = R ap(pBc) -

In general, for any quantum channel 7 and positive states p and o,
D(pllo) > D(T(p)I|T(o)) and D(pllo) = D(T())IT(0) & p=02T" (T(0) 2T (AT (o) %) od
Decay CMI IN 1D (Kato-Brandao, ’19)

1
000000000000000

There exist K,y > 0 such that for every finite interval I = ABC and p = p! = e 1 /Ty[e~PHI],
> I,(A:C|B) < Ke "VIBL
» There is a recovery map Rp_, op such that

lpasc — Re—aB(pec)|, <e TWVIBL
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Results Op. Correlation Mutual Inf. Approx. recover.

APPROXIMATE FACTORIZATION OF (GIBBS STATES

I
9099992929292 90200000

—_
A

BS - CONDITIONAL MUTUAL INFORMATION

T,(A: C|B) := D(pagpcllpas) — D(pecllpr)

for D(p||o) = Tr[plog(p'/>c =" p'/?)].
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Results Op. Correlation Mutual Inf. Approx. recover.

APPROXIMATE FACTORIZATION OF (GIBBS STATES

I
9099992929292 90200000

—_
A

BS - CONDITIONAL MUTUAL INFORMATION

T,(A: C|B) := D(pagpcllpas) — D(pecllpr)

for D(p||o) = Tr[plog(p'/>c =" p'/?)].

Bluhm-C., ’20: For any quantum channel 7 and any positive states p and o:
* -1 ~ ~
p=oT (T@'T() =  Dillo) = DT(IIT()).
For two positive states papc,ocapc € Hapc such that capc = pap ® 1¢/de and a
T = ]lA/dA ® Tra,
PABC = PABPE PBC — D(papcllpas) = D(ppcllps)

APPROXIMATE FACTORIZATION (Bluhm-C.-Pérez Herndndez, ’21)

There exists a positive function £ — §(¢), exhibiting superexponential decay, such that for
every three adjacent and finite intervals ABC,

—1
lpaBc — paBpp peClt < O(|B]).

Angela Capel (University of Tiibingen) Exponential decay of MI



Applications

APPLICATIONS TO MLSI

I
9099992929292 90200000
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A

EXPONENTIAL DECAY MIXING CONDITION

Assuming exponential uniform clustering, there exist /C, > 0 such that for every
finite interval I = ABC and p = p! = e PH1 /Ty[e AHI],

lpa' ® pg'pac —Lacll < Ke 1Pl

Theorem 7. Let A cc Z be a finite chain. Let ® : A - Ay be a k-local commuting potential and Hx = ¥, ®(x) be its corresponding
xeh

Hamiltonian, and denote by o its Gibbs state. Let L}, be the generator of the heat-bath dynamics. Then, if Assumptions 1 and 2 hold, the MLSI
constant of L}, is strictly positive and independent of |A|.

Assumption 1 (mixing condition). Let A cc Z be a finite chain, and let C,D c A be the union of
A. Let oy be the Gibbs state of a commuting Hamiltonian. The following inequali
A,C,D:

lapping finite-sized of
holds for certain positive constants K1, K, independent of

- - - - —K2d(C, D,
Hqcl/z ® qDl/z oep ‘7Cl/2 ® ‘71)1/2 _ HCDH,X, <Ke ™ ( ))
where d(C, D) is the distance between C and D, i.e., the distance b two seg s of C and D.
ela Capel (University of Tiibingen)
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APPLICATIONS TO MLSI

I
9099992929292 90200000
%/—/, - -

A

EXPONENTIAL DECAY MIXING CONDITION

Assuming exponential uniform clustering, there exist /C, > 0 such that for every
finite interval I = ABC and p = p! = e PH1 /Ty[e AHI],

lpa' ® pg'pac —Lacll < Ke 1Pl

MLSI FOR HEAT-BATH DYNAMICS (Bardet-C.-Lucia-Perez Garcia-Rouze, '21)

Theorem 7. Let A cc Z be a finite chain. Let ® : A - Ay be a k-local commuting potential and Hx = ¥, ®(x) be its corresponding
xeh

Hamiltonian, and denote by o its Gibbs state. Let L}, be the generator of the heat-bath dynamics. Then, if Assumptions 1 and 2 hold, the MLSI
constant of L}, is strictly positive and independent of |A|.

Assumption 1 (mixing condition). Let A cc Z be a finite chain, and let C,D c A be the union of lapping finite-sized of
A. Let o be the Gibbs state of a commuting Hamil

The foll inequality holds for certain positive constants K1, K, independent of
A,C,D:

-1/2 -1/2 -1/2 -1/2 —K,d(C, D’
Hac/ ® 05 ocp o ® 0! —ﬂcprSKle AED),

where d(C, D) is the distance between C and D, i.e., the

distance b two seg of Cand D.
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Applications

APPLICATIONS TO MLSI

1
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EXPONENTIAL DECAY MIXING CONDITION

For translation-invariant interactions, there exist IC,y > 0 such that for every finite
interval I = ABC and p = p! = e #H1 /Ty[e PH1],

lpa' ® pc'pac — Lac| < Ke 1Pl

B By
N

00000000000000000
~~ ~-

A Az

MLSI FOR HEAT-BATH DYNAMICS (Bardet-C.-Gao-Lucia-Perez Garcia-Rouze,

Positive MLSI (O(log(|1|))) for Davies generators in 1D at any 8 > 0.

Theorem 3.1. Let A = [1,n]. For any {i > 0, we denote by o = o the Gibbs state of a finite-
range, translat ant, i I at inverse temperature B > 0. Consider
LR, the Davies g tor of a t Mmkm/ group (ew\ }e>0 with unique fized point o.
Then, there exists an = Q(In(n)™") such that, for all p € D(H) and all t > 0,

D(ptllo) < e~ D(pllo), (25)

where p, == etk (p). Moreover, o, = e©®) as a function of B.
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Applications

APPLICATIONS TO MPO APPROXIMATION

APPROXIMATE FACTORIZATION (Bluhm-C.-Pérez Herndndez, '21)

There exists a positive function ¢ — §(¢), exhibiting superexponential decay, such that for
every three adjacent and finite intervals ABC),

lpasc — paBps'pecls < 6(B)).
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Applications

APPLICATIONS TO MPO APPROXIMATION

ATE FACTORIZATION (Bluhm-C.-Pérez Hernandez, ’21)

There exists a positive function £ — §(¢), exhibiting superexponential decay, such that for
every three adjacent and finite intervals ABC,

lpasc — pasps peclli < 8(|B).

iooofooo;oooi - .ooo-

XA A A AL
D100} /12
C el

faaab.).)'/m :

VS, :

JJJJJJ/’H

IJQ-)I/)

‘093‘/‘,, 11
aoovqoa Pn-1n

APPROXIMATION BY MPOSs (Bluhm-C.-Pérez Herndndez, '22)

There exists G, > 1 such that for every finite interval I C Z, split into I = A1 A5 ... A, with
|Aj| = m for every j =1,...,n, and for p = p! the Gibbs state on I,

Q(B)m>

—1 —1 —1
Hp—pl:zpz P2:3 P3 P3:4 Py ---pn—lzn”l (
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APPLICATIONS TO MPO APPROXIMATION

ATE FACTORIZATION (Bluhm-C.-Pérez Hernandez, ’21)

There exists a positive function £ — §(¢), exhibiting superexponential decay, such that for
every three adjacent and finite intervals ABC,

lpasc — pasps peclli < 8(|B).
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APPROXIMATION BY MPOSs (Bluhm-C.-Pérez Herndndez, '22)

There exists G, > 1 such that for every finite interval I C Z, split into I = A1 A5 ... A, with
|Aj| = m for every j =1,...,n, and for p = p! the Gibbs state on I,

Q(B)m>

—1 —1 —1
Hp—pl:zpz P2:3 P3 P3:4 Py ---pn—lzn”l (

Bond dimension: ~ log(m)/loglog(m).
Kuwahara, Alhambra, Anshu, ’21 ~ log(m).
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Overview Results Applications

CONCLUSIONS

In this talk:

o For Gibbs states of local Hamiltonians in 1D at every 8 > 0, the following are
equivalent:
© Exponential decay of correlations for the infinite-chain thermal states.
© Exponential uniform clustering.
© Exponential decay of the mutual information.
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CONCLUSIONS

In this talk:

o For Gibbs states of local Hamiltonians in 1D at every 8 > 0, the following are
equivalent:
© Exponential decay of correlations for the infinite-chain thermal states.
© Exponential uniform clustering.
© Exponential decay of the mutual information.

@ Assuming translation-invariant interactions, all of them hold.
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CONCLUSIONS

In this talk:

o For Gibbs states of local Hamiltonians in 1D at every 8 > 0, the following are
equivalent:

© Exponential decay of correlations for the infinite-chain thermal states.
© Exponential uniform clustering.
© Exponential decay of the mutual information.

@ Assuming translation-invariant interactions, all of them hold.

e Applications for positivity of MLSIs and approximation of Gibbs states by
MPOs.
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CONCLUSIONS

In this talk:

o For Gibbs states of local Hamiltonians in 1D at every 8 > 0, the following are
equivalent:

© Exponential decay of correlations for the infinite-chain thermal states.
© Exponential uniform clustering.
© Exponential decay of the mutual information.

@ Assuming translation-invariant interactions, all of them hold.

e Applications for positivity of MLSIs and approximation of Gibbs states by
MPOs.

Open problems:

o More applications?

o Extension to higher dimensions?
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CONCLUSIONS

In this talk:

o For Gibbs states of local Hamiltonians in 1D at every 8 > 0, the following are
equivalent:

© Exponential decay of correlations for the infinite-chain thermal states.
© Exponential uniform clustering.
© Exponential decay of the mutual information.

@ Assuming translation-invariant interactions, all of them hold.

e Applications for positivity of MLSIs and approximation of Gibbs states by
MPOs.

Open problems:

o More applications?

o Extension to higher dimensions?

THANK YOU FOR YOUR ATTENTION!
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