Superadditivity of Quantum Relative Entropy for General States
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Objective Steps 3 and 4 of the proof

The property of superadditivity of the quantum relative entropy states that, in a bipartite system Hap =
Ha ® Hp, for every density operator pag one has D(pas||ga ® az) > D(pal|ga) + D(ps||os). In this work, we
provide an extension of this inequality for arbitrary density operators gag.

trL(aaB) (pA — 04) ® (0B — 0B)] < 2||L(04B)|| ., D(PABI|TAB)-

In virtue of Holder’s inequality and tensorization of Schatten norms,

Introduction
tr|L(0aB) (pa — 0a) ® (B — 08)] < ||L(0as)||,,||(Pa — 04) ® (0B — 0B)|
= ||L(0s) |, |lpa — oal|]|o5 — o8],
e In a bipartite system Hap = Ha ® Hp, the quantum relative entropy of two states pssz and gz is given
buy:
) Theorem (Pinsker): For pap and a5 density matrices, it holds that
D(pasl|oas) = trpas(log pas — log gap)]

2
o4 — 0as||; < 2D(pas||0as).
if supp(pag) C supp(oag) and +oo otherwise.

e The property of superadditivity states that S , . :
Using Pinsker’s theorem and the data-processing inequality, we can conclude:

D(pasl|oa ® g8) > D(pal|oa) + D(psl|gs).

e As a consequence of monotonicity, the following holds for all states pss and oag:

2D(pas||0as) > D(pal|oa) + D(psl|os).

tr[L(0a) (oA — 04) ® (p5 — 08)] < 2||L(0as)|| D(pasl|oas).

—1/2 —1/2 —1/2 —1/2
|L(oaB)]|, < HO‘A / ® op / OAB O, / ® 0p / —]lABHOO.

Main result

Conditional relative entropy
Theorem

For any bipartite states , OAB:
and Bipe ‘ PAB: OAB Definition (Conditional relative entropy):

(1 + ZH(O'AB)OO)D(/JABHO'AB) > D(pAHO'A) + D(pBHO'B), Da(pasl|oas) = D(pasl||oas) — D(psl|g5).

where

Proposition: Let Hag = Ha ® Hp. The following properties hold for every pag, 0ag € Sas:
—1/2 —1/2 —1/2 —1/2 | B B g proj Y PAB, UAB B
H(oap) = 0 K o OAR O K o — 1

A B AB 94 B AB;

and 1 45 denotes the identity operator in H4p.
Note that H(oyg) =0 it o4 = 04 ® 0p.

1. Continuity. The map pag+— Da(pas||oas) is continuous.

2. Non-negativity. Da(pas||oas) > 0, and if Da(pas||oas)=0 then pap = Ei(pas)-
3. Semi-additivity. Da(pa ® ps||oa ® as) = D(pal|aa).

4. Semi-superadditivity. Da(pas||oa ® az) > D(pa||aa).

Remark: The conditional relative entropy extends the definition of conditional entropy for classical states.

Steps 1 and 2 of the proof . R .
Quasi-factorization of the relative entropy

Theorem
D(paslloap) = D(palloa) + D(pgl|log) — log tr M,

Let Hage = Ha ® Hp ® H be a tripartite Hilbert space and pagc, 0agc € Sapc:
where M = exp|logaag — log oa ® og + log pa ® pgl-

Then, the following inequality holds

It holds that: (1 —2||H(0ac)||..) Dlpasclloasc) < Daglpasclloasc) + Daclpasclloasc). ()

D(pasl|oas) — [D(palloa) + D(ps||os)] = where

—1/2

—1/2 —1/2 —1/2

tr | pas (log pa — (log oap — log 04 ® 05 + log pa ® /3/3))
loar/\/l 4

= D(pag||M) > —log tr M.

Log-Sobolev constant

log tr M < tr{L(aaB) (pa — 04) ® (0B — 0B)],

Theorem
where

L(gaB) = Tox@as (0AB) — LAB. For Ha = Qxen Hx and oy = @yep Ox,
Quasi-factorization = Modified log-Sobolev constant.

Theorem (Lieb): Let g a positive operator, and define

o
T4(f) = / dt (g + t) (g +t)".
0
1, is positive-semidefinite if g is. We have that

trlexp(—f + g + h)] < tr[e"T.i(e9)].
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Lemma (Sutter et al.): For f € Sap and g € Aui the following holds:

7= [ dtbut)g T 1975,

—0Q

Bolt) = Z(cosh(nt) + 1) Acknowledgments

Lemma: For every operator O4 € B4 and Op € Bg the following holds: m QUITEMAD :K
tl‘[L(O‘AB) OA X OB] = tl‘[L(O‘AB) O4® 0'/3] = 0. Obra Social
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