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Objective Step 2 of the proof

The property of superadditivity of the quantum relative entropy states that,
in a bipartite system Hap = Ha ® Hp, for every density operator pap one
has D(pag||oa ® o) > D(pal|oa) + D(psl||og). In this work, we provide an With the same notation of Step 1, we have that

extension of this inequality for arbitrary density operators ogas. logtr M < tr(h pa ® pg)
< A B)

where
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. Theorem (Lieb): Let g a positive operator, and define
two states pap and gap is given by: ( ) gal perator, ¢

o

D(pasl|oag) = tr[pas(log pag — log gap)] . dt(g+t)"'f(g + 1)~

it supp(pas) € supp(oap) and +oo otherwise. 1, is positive-semidefinite if g is. We have that

e The property of superadditivity states that tilexp(—f + g + h)] < tr[e"T.(e9)].

D(pasl|oa ® ag) > D(pal|oa) + D(psl|os)-

: We apply Lieb’s theorem to equation [1}
e As a consequence of monotonicity, the following holds for all states pas

and oap I 1
tr M | exp | log oy —log o4 ® og + log pa ® pp
2D(pasl|oaB) = D(pal|oa) + D(psl|os). ( ~ s S
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Finally, by using the fact log(x) < x — 1, we conclude

Theorem logtrM < trM —1 < trlh ps ® pgl-

For any bipartite states pag, 0as:

(1 2”/7” ) D pABHO'AB > D pAHO'A

Step 3 of the proof

where

h = TO‘A®O‘B (UAB) - ]IAB’

and With the same notation of the previous steps, the following holds:

TUA@)JB (0aB) = / dt (o4 ® o5 + t]l)_1 o3 (04 ® o + t]l)_1. tl’[/? PAQ pB] < ZHhHooD(pAB |0'A/3).
0

Note that h =0 if o4 = 04 ® 0.

Lemma (Sutter et al.): For f € Sy and g < AAB the following holds:

T,(f) = [ dt Bo(t) g

—OQ

Step 1 of the proof Bo(t) = cosh(t) + 1)

Lemma: For every operator O4 € B4 and Op € Bg the following holds:
tl‘[h Oa Q OB] = tl‘[h O ® 0'/3] = 0.

For density matrices pag, gag € Sap, it holds that

D(pasl|oas) = D(pallaa) + D(psl|os) — log tr M, (1)

This lemma implies that:

where M = exp|log oap — log 04 ® g5 + log pa ® pi| and equality holds trlh pa ® pgl = tilh (oA — 04) ® (o5 — o8]

(both sides being equal to zero) it pag = gas.

Thus,
Moreover, it g4 = g4 ® op, then logtr M = 0.

trlh (pa = 04) ® (0B — 0B)] < ||h]|5 | (PA = 94) ® (0B — 0B)||;
|

It holds that: |hHooHpA — UAH1 HPB — UBH1'

D(paglloas) — [D(palloa) + D(pgl|og)] =

Theorem (Pinsker): For psp and o435 density matrices, it holds that
D(paslloas) — D(pa ® pslloa ® op)

)' | pas — UABH? < 2D(pasl|gas)-

tr | pAB (log pAB — (log o4p — log 04 ® o 1 log pa ® pB)
o) Using Pinsker’s theorem and the data-processing inequality, we can conclude:

D(paslIM).
tilh pa ® pgl < 2||h|| . D(paslloan)-

Lemma: For f,g € A7, the following holds:
9]
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