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The property of superadditivity of the quantum relative entropy states that,in a bipartite system HAB = HA ⊗ HB, for every density operator ρAB onehas D(ρAB||σA ⊗ σB) ≥ D(ρA||σA) + D(ρB||σB). In this work, we provide anextension of this inequality for arbitrary density operators σAB.

Objective

• In a bipartite system HAB = HA ⊗ HB, the quantum relative entropy oftwo states ρAB and σAB is given by:
D(ρAB||σAB) = tr[ρAB(logρAB − log σAB)]if supp(ρAB) ⊆ supp(σAB) and +∞ otherwise.

•The property of superadditivity states that
D(ρAB||σA ⊗ σB) ≥ D(ρA||σA) +D(ρB||σB).

•As a consequence of monotonicity, the following holds for all states ρABand σAB: 2D(ρAB||σAB) ≥ D(ρA||σA) +D(ρB||σB).

Introduction

For any bipartite states ρAB, σAB:(1 + 2∥∥h∥∥∞)D(ρAB||σAB) ≥ D(ρA||σA) +D(ρB||σB),
where

h = TσA⊗σB (σAB)− 1AB,and
TσA⊗σB (σAB) = ∫ ∞0 dt (σA ⊗ σB + t1)−1 σAB (σA ⊗ σB + t1)−1.Note that h = 0 if σAB = σA ⊗ σB.

Theorem

Main result

For density matrices ρAB, σAB ∈ SAB, it holds that
D(ρAB||σAB) ≥ D(ρA||σA) +D(ρB||σB)− log trM, (1)

where M = exp [log σAB − log σA ⊗ σB + logρA ⊗ ρB] and equality holds(both sides being equal to zero) if ρAB = σAB.Moreover, if σAB = σA ⊗ σB, then log trM = 0.

Step 1

It holds that:
D(ρAB||σAB) − [D(ρA||σA) +D(ρB||σB)] == D(ρAB||σAB)−D(ρA ⊗ ρB||σA ⊗ σB)

= tr ρAB
logρAB − ( log σAB − log σA ⊗ σB + logρA ⊗ ρB )︸ ︷︷ ︸logM


= D(ρAB||M).

Lemma: For f , g ∈ A+, the following holds:
D(f ||g) ≥ −logtr[g]tr[f ] .

D(ρAB||σAB)− [D(ρA||σA) +D(ρB||σB)] ≥ −log trM .

Step 1 of the proof
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With the same notation of Step 1, we have that
log trM ≤ tr(hρA ⊗ ρB), (2)

where
h = 12 (σ−1

A ⊗ σ−1
B σAB + σAB σ−1

A ⊗ σ−1
B
)
− 1AB.

Step 2

Theorem (Lieb): Let g a positive operator, and define
Tg(f ) = ∫ ∞0 dt (g+ t)−1f (g+ t)−1.

Tg is positive-semidefinite if g is. We have thattr[exp(−f + g+ h)] ≤ tr[ehTef(eg)].
We apply Lieb’s theorem to equation 1:

trM = tr explog σAB︸ ︷︷ ︸
g

− log σA ⊗ σB︸ ︷︷ ︸
f

+ logρA ⊗ ρB︸ ︷︷ ︸
h


≤ tr[ρA ⊗ ρBTσA⊗σB(σAB)]
= trρA ⊗ ρB (TσA⊗σB(σAB)− 1AB

)︸ ︷︷ ︸
h

 + tr[ρA ⊗ ρB]︸ ︷︷ ︸1 .

Finally, by using the fact log(x) ≤ x − 1, we concludelog trM ≤ trM − 1 ≤ tr[hρA ⊗ ρB].

Step 2 of the proof

With the same notation of the previous steps, the following holds:tr[hρA ⊗ ρB] ≤ 2∥∥h∥∥∞D(ρAB||σAB).
Step 3

Lemma (Sutter et al.): For f ∈ SAB and g ∈ AAB the following holds:
Tg(f ) = ∫ ∞

−∞
dt β0(t)g−1−it2 f g−1+it2 ,with

β0(t) = π2 (cosh(πt) + 1)−1.
Lemma: For every operator OA ∈ BA and OB ∈ BB the following holds:tr[hσA ⊗OB] = tr[hOA ⊗ σB] = 0.

This lemma implies that:tr[hρA ⊗ ρB] = tr[h (ρA − σA)⊗ (ρB − σB)],Thus,
tr[h (ρA − σA)⊗ (ρB − σB)] ≤ ∥∥h∥∥∞∥∥(ρA − σA)⊗ (ρB − σB)∥∥1= ∥∥h∥∥∞∥∥ρA − σA∥∥1∥∥ρB − σB∥∥1.

Theorem (Pinsker): For ρAB and σAB density matrices, it holds that∥∥ρAB − σAB∥∥21 ≤ 2D(ρAB||σAB).
Using Pinsker’s theorem and the data-processing inequality, we can conclude:tr[hρA ⊗ ρB] ≤ 2∥∥h∥∥∞D(ρAB||σAB).

Step 3 of the proof
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