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BELAVKIN-STASZEWSKI RELATIVE ENTROPY

(UMEGAKI) RELATIVE ENTROPY

Let Hap = Ha ® Hp be a bipartite Hilbert space and pap,cap two
positive states on it. Their Umegaki relative entropy is given by:

D(paglloas) := tr[pap(log pap — logoas)].

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

Let Hap = Ha ® Hp be a bipartite Hilbert space and pag,caB two
positive states on it. Their Belavkin-Staszewski relative entropy
(BS-entropy for short) is given by:

D(paslloan) = tr[panlog(pizoarel3)]

RELATION

The following holds for any positive states pag,oap:
D(paslloas) < D(paslloas),

and the inequality is strict if, and only if, [paB,caB] # 0.
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MOTIVATION: QUASI-FACTORIZATION RELATIVE ENTROPY
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CONDITIONAL RELATIVE ENTROPY (C.-Lucia-Pérez Garcia '18)

Let Hap = Ha @ Hp and pap,cap € Sap. We define the

conditional relative entropy in A by and MG
Ant io Pérez-
Da(paslloan) = D(paslloas) — D(psllos). Hermandes
(UD , Spain)

Given a positive state o4 g, denote: o -

relative entropy

H(oap) = 021/2 ® 051/20'ABO'21/2 ® U§1/2 —1aB.

QUASI—FACTORIZATION RELATIVE ENTROPY

Let Hap = Ha ® Hp and pap,oap € Sap. The following inequality
holds whenever ||H(caB)||.. < 1/2:

Hoo Equivalence to

non-
1 superadditivity

D(paglloas) < m [Da(pas|loas) + De(pagl|loas)] ,




APPLICATIONS: QF RELATIVE ENTROPY
General superadditivity relative entropy:

The previous result is equivalent to (C.-Lucia-Pérez Garcia ’18):

(1+2||H(0aB)ll)D(paslloar) = D(palloa) + D(psllos) ‘

Recall: Antonio Péres.
» Superadditivity. D(pag|loa ® o) > D(palloa) + D(ps||los). S
Due to:
» Monotonicity. D(pag|lcas) > D(T(paB)||T(cag)) for every
quantum channel 7T'. ivation:
we have e fem

2D(paslloas) 2 D(palloa) + D(psllos).

Modified logarithmic Sobolev inequalities:

» Quasi-factorization type inequalities are the key tool to prove
positivity of MLSI for quantum many-body systems:

aD(paslloas) < —tr[La(pas)(log pas —logoas)],

for L} the generator of a quantum Markov semigroup.




WEAK QUASI-FACTORIZATION FOR THE BS-ENTROPY

BS-entropy:

D(paslloap) = tr [pAB 10g(pABUZ}302/§)] :

CONDITIONAL BS-ENTROPY (Bluhm-C.-Pérez Herndndez '21)

Let Hap = Ha @ Hp and pap,cap € Sap. We define the
conditional BS-entropy in A by:

Da(paslloan) == D(paslloas) — D(psllos) .

WEAK QUASI-FACTORIZATION BS-ENTROPY

Let Hap = Ha ® Hp and pap,caB € Sap. A result of weak
quasi-factorization of the BS-entropy is an inequality of the form:

D(paslloas) < M [Da(paslloaz) + Delpaslloas)] + L,

for M > 1 and L > 0.
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WEAK QUASI-FACTORIZATION FOR THE BS-ENTROPY

For oap a positive state on H ap, denote:

1/2

H(oaB) i= 021/2@)0; /2 OABO 4 ®071/2

—1ap.

WEAK QF BS-ENTROPY I (Bluhm-C.-Pérez Herndndez '21)

Let Hap = Ha ® Hp and pap,0aB € Sap . The following inequality
holds whenever ||H(caB)||,, < 1/2:

D(paslloas) < M(UAB)[EA (paslloas)+Ds(pas] |aAB)]+Z(pAB, oAB),

where ]\7( ) 1
o B e~ 9
A5 T T 2 H(oas)l

" Tomonn <1 (|2 on | o)

> If oup = 04 ® 05, then M(oap) = 1.

> If p114/ 2021/ % and plB/ 2051/ % are normal (in particular, if
[pA>UA] — [pB,U'B] = O), then L(PAB,O'AB) =0.

the BS-entropy
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WEAK QUASI-FACTORIZATION FOR THE BS-ENTROPY

the BS-entropy
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WEAK QF BS-ENTROPY II (Bluhm-C.-Pérez Herndndez ’21)

Let Hap = Ha ® Hp and paB,oaB 6 SAB The following inequality
holds whenever ||cap — o4 ® og|| < dadp/2:

oo mln

D(paslloas) < M(C"AB)[EA (paslloas)+Ds(pas| |UAB)]+L(/)AB7 oa5), KRR
(UNED, Spain)

where 1
M(O’AB) = — )

2072
1— Fminlloap — o4 @05,

for omin the minimal eigenvalue of oap, da and dp the dimensions of
Ha and Hp, respectively, and

. Weak quasi-
factorization for
the BS-entropy

L(pag,caB) := M(caB) (<0’A ®0’B,0'21 ® U§1>

PARPB -
» If oup =04 ®oB, then M(oap) = 1.
1/2

> If pz/2021/2 and py “og /2 are normal (in particular, if
[pa,04] = [pB,08] = 0), then L(pap,0a8) =0.




EQUIVALENCE TO NON-SUPERADDITIVITY

If L(pa,oaB) =0 (or E(pAB,UAB) = 0), the previous results would
be equivalent to superadditivity for the BS-entropy:

(1+ M(0a5))D(paslloas) > D(palloa) + D(psllos)

and, since M(ocap) =1 for oap =04 ® 0B,

~ ~

D(paslloa® o) > D(palloa) + D(psllos).

However, continuity, additivity, superadditivity and monotonicity
characterize the relative entropy (Wilming et at. 17, Matsumoto
10).

Therefore, the additive term is necessary in the quasi-factorization
for the BS-entropy.
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NUMERICAL EVIDENCE OF NON-SUPERADDITIVITY

We plot ﬁ(pABHaA ® op) against ﬁ(pAHJA) + ﬁ(pBHUB) for 10000

pairs of random 2 X 2 positive definite matrices pap and oap: pradicss
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SUMMARY AND POSSIBLE APPLICATIONS e

the BS-entropy

Summary: Andreas
Bluhm
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» We have proven results of weak quasi-factorization for the

BS-entropy:

ﬁ(pABHUAB) <M [ﬁA(pABHO'AB) 4 ﬁB(pABHUAB)] + L.
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» Our results are equivalent to a violation of the property of

superadditivity for the BS-entropy.
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Possible applications: Motivation
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» In cryptography, for entropy accumulation purposes. the relative

entropy

» In many-body systems, to prove positivity of modified
logarithmic Sobolev inequalities.
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For further information, see arXiv:2101.10312.
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Thank you for your attention!
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