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MOTIVATION

NOTATION

‘H finite-dimensional Hilbert space.

B(H) algebra of bounded linear operators on it.
D(H) :={p € B(H) : p > 0,tr[p] = 1} density matrices.

o Assume full rank.

M matrix algebra and N’ C M matrix subalgebra.
o 7 : M — M quantum channel.
e £: M — N conditional expectation.

o on = E&(0) and ppr = E(p).

1 /2 —1/2

o I':= 0*1/2/)0* /2 and Ty = U;fl PN N,

o Note: Identify L4, the left multiplication operator by A on M, with
Afor A e M.
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MOTIVATION

MAIN CONCEPTS

RELATIVE ENTROPY

Given o > 0, p > 0 states on a matrix algebra M, their relative entropy
is defined as:

D(allp) := trlo(logo — log p)].
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MAIN CONCEPTS

RELATIVE ENTROPY

Given o > 0, p > 0 states on a matrix algebra M, their relative entropy
is defined as:

D(allp) := trlo(logo — log p)].

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

Given o > 0, p > 0 states on a matrix algebra M, their BS-entropy is

defined as:
Dgs(o||p) :=tr [(r log (01/2p—101/2>] .
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MOTIVATION

MAIN CONCEPTS

RELATIVE ENTROPY

Given o > 0, p > 0 states on a matrix algebra M, their relative entropy
is defined as:

D(allp) := trlo(logo — log p)].

BELAVKIN-STASZEWSKI RELATIVE ENTROPY

Given o > 0, p > 0 states on a matrix algebra M, their BS-entropy is

defined as:
Dgs(o||p) :=tr [(r log (01/2p—101/2>] .

RELATION BETWEEN RELATIVE ENTROPIES

The following holds for every o > 0, p > 0:

Dss(allp) = D(allp).
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MOTIVATION

MOTIVATION: RELATIVE ENTROPY

Relative entropy of o and p: D(o||p) := tr[o(log o — log p)].
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MOTIVATION

MOTIVATION: RELATIVE ENTROPY

Relative entropy of o and p: D(o||p) := tr[o(log o — log p)].

Quantum channel: 7 : M — M CPTP map.
e 0>0~T(o)>0.
o T®Ildp : M® M, = M ® M, is positive for every n € N.
e tr[7T(o)] = tr[o].
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MOTIVATION

MOTIVATION: RELATIVE ENTROPY

Relative entropy of o and p: D(o||p) := tr[o(log o — log p)].

Quantum channel: 7 : M — M CPTP map.
e 0>0~T(o)>0.
o T®Idn: MMy = M® M, is positive for every n € N.
e tr[7T(o)] = tr[o].

DATA PROCESSING INEQUALITY

D(allp) = D(T(o)I[T (p))-
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MOTIVATION

MOTIVATION: RELATIVE ENTROPY

Relative entropy of o and p: D(o||p) := tr[o(log o — log p)].

Quantum channel: 7 : M — M CPTP map.

e 0>0~T(o)>0.
o T®Ildy : M® M, = M ®M, is positive for every n € N.
o tr[7(o)] = tr[o].

DATA PROCESSING INEQUALITY

D(allp) = D(T(o)I[T (p))-

v

CONDITIONS FOR EQUALITY

D(allp) = DIT@IT(p) & o = p*T* (T(p) " *T()T(p) /) p'/*.

-

Petz recovery map R%(-) := p'/?T* (T(p)71/2(~)7—(p)71/2) p'/2.
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MOTIVATION

MOTIVATION: STRENGTHENED BOUNDS FOR DPI orF RE

Operational meaning of D(o||p) — D(T(0)||T (p))

o Thermodynamics: Cost of a certain quantum process.

o Partial trace: Conditional relative entropy.
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Operational meaning of D(o||p) — D(T(0)||T (p))

o Thermodynamics: Cost of a certain quantum process.
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MOTIVATION

MOTIVATION: STRENGTHENED BOUNDS FOR DPI orF RE

Operational meaning of D(o||p) — D(T(0)||T (p))

o Thermodynamics: Cost of a certain quantum process.

o Partial trace: Conditional relative entropy.

DPI for relative entropy: D(o||p) — D(T (0)||T(p)) > 0.

PROBLEM

Can we find a lower bound for the DPI in terms of RS-0 T (o) ?

Capel (ICMAT-UAM, Madrid As thened DPI for the BS-entropy



MOTIVATION

MOTIVATION: STRENGTHENED BOUNDS FOR DPI orF RE

Operational meaning of D(o||p) — D(T(0)||T (p))

o Thermodynamics: Cost of a certain quantum process.

o Partial trace: Conditional relative entropy.

DPI for relative entropy: D(o||p) — D(T (0)||T(p)) > 0.

PROBLEM
Can we find a lower bound for the DPI in terms of RS-0 T (o) ?

(Fawzi-Renner ’15) Hapc = Ha ® Hp ® He, oapc > 0 and
papc = 1a®opc, T() = tre[].

CMI: I(A:C|B)s = D(cascl|lpasc) — D(osc|lpsc).

I(A:C|B), > inf (—2log, F(capc,nasc)),

MABC

where

F(oasc,nasc) = |[V/oascovnasc||;
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MOTIVATION: STRENGTHENED BOUNDS FOR DPI orF RE

(Fawzi-Renner ’15) Hapc = Ha @ Hp @ He, capc > 0 and
pasc =Ia®opc, T(:) = trc[].

CMI: I[(A:C|B)s = D(cascl|lpasc) — D(osc|lpsc).

I(A:C|B)s > inf (—2log, F(caBc,naBC)),
NABC

where

F(oaBc,nasc) = ||[V/oascovnasc||;
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MOTIVATION

MOTIVATION: STRENGTHENED BOUNDS FOR DPI orF RE

(Fawzi-Renner ’15) Hapc = Ha @ Hp @ He, capc > 0 and
papc =1a®ope, T() =trc[].

CMI: I[(A:C|B)s = D(cascl|lpasc) — D(osc|lpsc).

I(A:C|B)s > inf (—2log, F(caBc,naBC)),
NMABC

where
F(oaBc,nasc) = ||[V/oascovnasc||;

More specifically, if we consider V¢ o RfrBCO oUp, with Ugp and Ve
unitaries on Hp, Hpc respectively,

o 1/2 _—1/2 * —1/2 1/2¢,%
Vic 0 RIEC oUp(0ar) = Vecogaoy *UsoasUbag' PafiVie,
we have

I(A : O‘B)g‘ Z 7210g2 F(G'ABC,VBC ORUBC OUB(O'AB)).

tro

Angela Capel (ICMAT-UAM, Madrid) s thened DPI for the BS-entropy



MOTIVATION

MOTIVATION: STRENGTHENED BOUNDS FOR DPI orF RE

Extensions and improvements of the previous result:
D(ollp) = D(T(o)lIT(p)) = (1),(2), (3), where:
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MOTIVATION

MOTIVATION: STRENGTHENED BOUNDS FOR DPI orF RE

Extensions and improvements of the previous result:
D(ollp) = D(T(o)lIT(p)) = (1),(2), (3), where:

1) := — / Bo(t) log F (U, R o T(J)) dt (Junge et al. ’15),

with )
1+it

REN() = o 54T (T() 7 T () 7F) 07

and -
Bo(t) = §(cosh(7rt) +1)7
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MOTIVATION

MOTIVATION: STRENGTHENED BOUNDS FOR DPI orF RE

Extensions and improvements of the previous result:

D(ollp) — D(T(0)|[T(p)) (1), (2), (3), where:

1) := — / Bo(t) log F (U, R o T(J)) dt (Junge et al. ’15),

Wlth P [t] 1+t « 1+'Lt 1—it
REV) = p T (T(0) 72 (T (0) 27 ) 2
and -
Bo(t) = §(cosh(7rt) +1)7"
(2) := Dum ( /ﬂo ’RT T(o )) dt (Sutter-Berta-Tomamichel ’16),
with

m(ollp) = sup D(Ps || Po,ar), for M a POVM on the power-set of a finite &.
(&, M)

a Capel (ICMAT-UAM, Madrid) A strengthened DPI for the BS-entropy



MOTIVATION

MOTIVATION: STRENGTHENED BOUNDS FOR DPI orF RE

Extensions and improvements of the previous result:

D(ollp) — D(T(0)|[T(p)) (1), (2), (3), where:

1) := — / Bo(t) log F (U, R o T(J)) dt (Junge et al. ’15),

Wlth P [t] 1+t « 1+'Lt 1—it
REV) = p T (T(0) 72 (T (0) 27 ) 2
and -
Bo(t) = §(cosh(7rt) +1)7"
(2) := Dum ( /ﬂo ’RT T(o )) dt (Sutter-Berta-Tomamichel ’16),
with

m(ollp) = sup D(Ps || Po,ar), for M a POVM on the power-set of a finite &.
(&, M)

(3) := lim sup— D<

n—o0

/50 ’T(U)>®n> dt (Berta et al. ’17),
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MOTIVATION: STRENGTHENED BOUNDS FOR DPI orF RE

PROBLEM
Can we find a lower bound for the DPI in terms of D(c||R5- o T (0))?
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MOTIVATION: STRENGTHENED BOUNDS FOR DPI orF RE

PROBLEM
Can we find a lower bound for the DPI in terms of D(c||R5- o T (0))?

Answer: It is not possible (Brandao et al. '15, Fawzi® ’17).
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MOTIVATION

MOTIVATION: STRENGTHENED BOUNDS FOR DPI orF RE

PROBLEM
Can we find a lower bound for the DPI in terms of D(c||R5- o T (0))?

Answer: It is not possible (Brandao et al. '15, Fawzi® ’17).

(Sutter-Renner ’18) Hapc = Ha @ Hp ® He, oapc > 0 and
papc =Ia®ogc, T(:) =tral].

D(capcl||ReEC otrel(capc)]) + Amax(caB||[Re—B) > I(A : C|B)s,

tro
where
Amax(O'Hg) =0& 5(0’) =0,
and

o
Rp_p = trec ORH%C.
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MOTIVATION

MOTIVATION: STRENGTHENED BOUNDS FOR DPI orF RE

PROBLEM
Can we find a lower bound for the DPI in terms of R5-o T (0)?

(Carlen-Vershynina °17) £ : M — N conditional expectation,
on :=E(0) and pn = E(p):

T\ 4 _ -
D(allp) = Diowllp) = (5) ILoRo-1 | 2IRE (a) = pl}-
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MOTIVATION

MOTIVATION: STRENGTHENED BOUNDS FOR DPI orF RE

PROBLEM
Can we find a lower bound for the DPI in terms of R5-o T (0)?

(Carlen-Vershynina °17) £ : M — N conditional expectation,
on :=E(0) and pn = E(p):

T\ 4 _ -
D(allp) = Diowllp) = (5) ILoRo-1 | 2IRE (a) = pl}-

(Carlen-Vershynina ’18) Extension to standard f-divergences.
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STANDARD AND MAXIMAL f-DIVERG

SOME DEFINITIONS

CONDITIONAL EXPECTATION

Let M matrix algebra with matrix subalgebra A/. There exists a unique
linear mapping £ : M — N such that

@ €& is a positive map,
Q@ £(B)=Bforal BeN,
Q E(AB)=E(A)Bforall A€ M and all Be N,
@ £ is trace preserving.
A map fulfilling (1)-(3) is called a conditional expectation.
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STANDARD AND MAXIMAL f-DIVERGENCES
IN RESUI

SOME DEFINITIONS

CONDITIONAL EXPECTATION

Let M matrix algebra with matrix subalgebra A/. There exists a unique
linear mapping £ : M — N such that

@ €& is a positive map,

Q@ £(B)=Bforal BeN,

Q E(AB)=E(A)Bforall A€ M and all Be N,
@ £ is trace preserving.

A map fulfilling (1)-(3) is called a conditional expectation.

OPERATOR CONVEX
Let Z C R interval and f:Z — R. If

fAA+ (1 =XNB) <Af(A) + (1 -XNf(B)

for all Hermitian A, B € B(#H) with spectrum contained in Z, all X € [0, 1],
and for all finite-dimensional Hilbert spaces #H, then f is operator convex.
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STANDARD f-DIVERGENCES

(Hiai-Mosonyi ’17)
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STANDARD f-DIVERGENCES

(Hiai-Mosonyi ’17)

STANDARD f-DIVERGENCES

Let f: (0,00) — R be an operator convex function and o > 0, p > 0 be two
states on a matrix algebra M. Then,

Ss(llp) = tx[p"/f (La Ry1)p"?]

is the standard f-divergence.
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STANDARD f-DIVERGENCES

Let f: (0,00) — R be an operator convex function and o > 0, p > 0 be two
states on a matrix algebra M. Then,

Ss(llp) = tx[p"/f (La Ry1)p"?]

is the standard f-divergence.

Example: Let f(xz) = zlogz. Then,
$1(0llp) = trlo(log o — log p)]
defines the relative entropy D(o||p).
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STANDARD AND MAXIMAL f-DIVERGENCES

STANDARD f-DIVERGENCES

(Hiai-Mosonyi ’17)

STANDARD f-DIVERGENCES

Let f: (0,00) — R be an operator convex function and o > 0, p > 0 be two
states on a matrix algebra M. Then,

Ss(llp) = tx[p"/f (La Ry1)p"?]

is the standard f-divergence.

Example: Let f(xz) = zlogz. Then,
$1(0llp) = trlo(log o — log p)]
defines the relative entropy D(o||p).

DATA PROCESSING INEQUALITY

Let 7 : M — B be a TP map such that its dual map is a 2PTP map.
Then, for every o > 0, p > 0 on M and every operator convex function
f:(0,00) > R,

ST (@)T((p)) < Sy(allp).
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STANDARD AND MAXIMAL f-DIVERGENCES

STANDARD f-DIVERGENCES

CONDITIONS FOR EQUALITY

Let 0 >0, p> 0 be on M and let 7 : M — B be a 2PTP linear map.
Then, the following are equivalent:

O There exists a TP map T : B — M such that 7(7(p)) = p and
T(T(0)) =0

@ S¢(T(o)IT(p)) = Sf(cllp) for some operator convex function on (0, c0)
such that f(0") < co and
|supp p1| = [spec(Lo R,—1) U spec(La (o) Ra(p)-1)l;
for a certain ¢ from the representation of the op-convex function.
@ S¢(T(o)|IT(p)) = Sf(allp) for all operator convex f on [0, c0).
Q R4 (T(0)) =o0.
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MAXIMAL f-DIVERGENCES

MAXIMAL f-DIVERGENCES

Let f : (0,00) — R be an operator convex function and o > 0, p > 0 be two
states on a matrix algebra M. Then,

S¢(ollp) = tr [pl/Qf(p_lpap_l”)p”z]

is the mazimal f-divergence.
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MAXIMAL f-DIVERGENCES

MAXIMAL f-DIVERGENCES

Let f : (0,00) — R be an operator convex function and o > 0, p > 0 be two
states on a matrix algebra M. Then,

S¢(ollp) = tr [pl/Qf(p_mffp_l/z)p”z]

is the mazimal f-divergence.

Example: Let f(x) = zlogz. Then,

Si(ollp) = tr pPop /2 log(p_l/QUp_l/zﬂ =tr [O’ log(al/zp_lalm)]

is the Belavkin-Staszewski relative entropy (BS-entropy).
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STANDARD AND MAXIMAL f-DIVERGENCES

MAXIMAL f-DIVERGENCES

MAXIMAL f-DIVERGENCES

Let f : (0,00) — R be an operator convex function and o > 0, p > 0 be two
states on a matrix algebra M. Then,

S¢(ollp) = tr [pl/Qf(p_mffp_l/z)p”z]

is the mazimal f-divergence.

Example: Let f(x) = zlogz. Then,

Si(ollp) = tr pPop /2 log(p_l/QUp_l/Qﬂ =tr [O’ log(al/Qp_lal/2)]

is the Belavkin-Staszewski relative entropy (BS-entropy).

DATA PROCESSING INEQUALITY

Let o > 0, p > 0 be two states on a matrix algebra M and 7 : M — B be a
PTP linear map. Then,

SHT (@) T(p)) < Ss(allp).
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STANDARD AND MAXIMAL f-DIVERGENCES

MAXIMAL f-DIVERGENCES

CONDITIONS FOR EQUALITY

Let 0 >0, p>0beon M and 7 : M — B be a PTP linear map. Then, the
following are equivalent:

Q S;(T(0)||T(p)) = Ss(cllp) for some non-linear operator convex
function f on [0, c0).

Q Si(T(0)||T(p)) = Sy (o|lp) for all operator convex functions f on
[0, 00).

Q tr[T(0)*T(p)~"] = tr[o?p!].
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STANDARD AND MAXIMAL f-DIVERGENCES

RELATION BETWEEN f— DIVERGENCES

RELATION BETWEEN f-DIVERGENCES

For every two states ¢ > 0, p > 0 on M and every operator convex function
f:(0,00) =R, X
St(ollp) < St(ollp)-
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XIMAL f-DIVERGENCES

RELATION BETWEEN f-DIVERGENCES

For every two states ¢ > 0, p > 0 on M and every operator convex function
f:(0,00) =R, X
St(ollp) < St(ollp)-

<

REMARK: DIFFERENCE

For maximal f-divergences, there is no equivalent condition for equality in
DPI which provides a explicit expression of recovery for o.
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STANDARD AND MAXIMAL f-DIVERGE!

QUESTIONS

BS RECOVERY CONDITION

Can we prove an equivalent condition for equality in DPI for the BS
entropy (or for maximal f-divergences) which provides a explicit expression
of recovery for o?
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STANDARD AND MAXIMAL f-DIVERGENCES

QUESTIONS

BS RECOVERY CONDITION

Can we prove an equivalent condition for equality in DPI for the BS
entropy (or for maximal f-divergences) which provides a explicit expression
of recovery for o?

STRENGTHENED DPI FOR BS ENTROPY

Following Carlen-Vershynina, can we provide a lower bound for the DPI for
the BS entropy (or for maximal f-divergences) in terms of a (hypothetical)
BS recovery condition?
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EQUIVALENT CONDITIONS FOR EQUALITY ON DPI

/ 1/2

I':= 0_1/2,00_1/2 and 'y := a;,'l 2p/\/a;/

px = E(p), on :=E(0)
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MAIN RESULTS

EQUIVALENT CONDITIONS FOR EQUALITY ON DPI

/ 1/2

I':= 0_1/2p0_1/2 and 'y := a;fl 2p/\/a;/

px = E(p), on :=E(0)

JONDITIONS FOR EQUALITY ON DPI (Bluhm-C. ’19)

Let M be a matrix algebra with unital subalgebra A/. Let £ : M — N be
the trace-preserving conditional expectation onto this subalgebra. Let
o >0, p > 0 be two quantum states on M. Then, the following are

equivalent:
@ Ses(allp) = Ses(onllon)-
Q pnp t=ono Tt

@ o203 *T )20/ = T/251/2,
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EQUIVALENT CONDITIONS FOR EQUALITY ON DPI

/ 1/2

I':= 0_1/2,00_1/2 and 'y := a;fl 2p/\/a;/

px = E(p), on :=E(0)

JONDITIONS FOR EQUALITY ON DPI (Bluhm-C. ’19)

Let M be a matrix algebra with unital subalgebra A/. Let £ : M — N be
the trace-preserving conditional expectation onto this subalgebra. Let
o >0, p > 0 be two quantum states on M. Then, the following are

equivalent:
@ Ses(allp) = Ses(onllon)-
Q pvp l=ono

@ o203 *T )20/ = T/251/2,

BS RECOVERY CONDITION

TE () = oox ().
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Note: Although they can be seen as a consequence of the previous result,
the following facts were previously known.
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Ses(allp) = Ses(oxllon) & p =T 0 E(p)
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GTHENED DPI FOR THI Y
)PI FOR MAXIMAL f-DIVERGENC

MAIN RESULTS GTHENED I

CONSEQUENCES

Note: Although they can be seen as a consequence of the previous result,
the following facts were previously known.

COROLLARY

Ses(ollp) = Ses(onllon) & p=T¢ 0 E(p)
So=TLo&(o)

& Sas(pllo) = Ses(onllow)-

COROLLARY

| \

D(ollp) = D(owllox) = Szs(ollp) = Sps(onllon)-
Equivalently,

c=Reo&(c) = oa=TFo&(o).

\

The converse of this result is false (Jencova-Petz-Pitrik 09,
Hiai-Mosonyi ’17).
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STRENGTHENED DPI FOR THE BS-ENTROPY

STRENGTHENED DPI FOR THE BS-ENTROPY (Bluhm-C. ’19)

Let M be a matrix algebra with unital subalgebra /. Let £ : M — N be
the trace-preserving conditional expectation onto this subalgebra. Let
o >0, p > 0 be two quantum states onto M. Then,

& 2 4 _
Ses(ollp) = Ses(owllon) = (5) ITIZ o™ 1.2l = oont oxl5-
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STRENGTHENED DPI FOR THE BS-ENTROPY (Bluhm-C. ’19)

Let M be a matrix algebra with unital subalgebra /. Let £ : M — N be
the trace-preserving conditional expectation onto this subalgebra. Let
o >0, p > 0 be two quantum states onto M. Then,
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Let M be a matrix algebra with unital subalgebra A/. Let £ : M — N be
the trace-preserving conditional expectation onto this subalgebra. Let

o >0, p> 0 be two quantum states on M and let f: (0,00) — R be an
operator convex function with transpose f . We assume that f is operator
monotone decreasing and such that the measure p_ 7 that appears in the

representation of — f is absolutely continuous with respect to Lebesgue
measure. Moreover, we assume that for every 7' > 1, there exist constants
a >0, C > 0 satisfying du_ 7(t)/dt > (CT?**)~! for all t € [1/T,T] and
such that
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