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INTRODUCTION

@ Hap=HAaRHp (or Hape = Ha @ Hp @ Hc).

@ Bp := B(H,), set of bounded linear operators.

o Ap C By, set of Hermitian operators.

o Sp:={feApr : f>0and tr[f] =1}

@ f € By has support on A C A if f = f4 ® 1 for certain
fa € Ba.

o Modified partial trace: trg : f +— tra[f] ® 14, where tra[f]
has support in B.

@ We denote by fp the observable tr4[f] with support in B.
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RELATIVE ENTROPY

QUANTUM RELATIVE ENTROPY

Let f,g € Ap, f verifying tr[f] # 0. The quantum relative
entropy of f and g is defined by:

1
r(f]

D(fllg) = g tr [f(log f —logg)]. (1)

In this talk, we only consider density matrices (with trace 1). In
this case, the quantum relative entropy is given by:

D(pllo) = tr [p(log p — log o)]. (2)




(QU ASI-FACTORIZATION OF THE QUANTUM RELATIVE ENTROPY

RELATIVE ENTROPY

PROPERTIES OF THE RELATIVE ENTROPY

Let Hap be a bipartite finite dimensional Hilbert space,
Hap = Ha R Hp. Let pap, o4 € Sap. The following properties
hold:
@ Non-negativity. D(pap|loap) > 0 and
D(paBlloas) =0 pap = 0aB.
@ Finiteness. D(pap||loap) < o if, and only if,
supp(pap) C supp(cap), where supp stands for support.
@ Monotonicity. D(paglloas) > D(T(pas)||T(cas)) for
every quantum channel 7T'.

© Factorization.
D(pa ® pplloa® op) = D(palloa) + D(psllos).

© Joint convexity.
D(paglloap) < p1D(P,14]3HUi13) +p2D(p?43H0'1243) if
PAB = P1 P,143 + p2 P,243 and oap = p1 Ui;B + p2 ‘71243-
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RELATIVE ENTROPY

PROBLEM

Let Hap = Ha®Hp and pap,oaB € Sap. Can we prove
something like

D(paglloa) < C[Da(paglloa) + Dp(paslloas)] ?

Yes! (We will see how later) J
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CLASSICAL CASE

CLASSICAL ENTROPY AND CONDITIONAL ENTROPY

Consider a probability space (2, F, 1) and define, for every f > 0,
the entropy of f by

Ent,(f) = u(flog f) — u(f) log p(f).

Given a o-field G C F, we define the conditional entropy of f in
g by

Ent,(f | G) = u(flog f | G) — u(f | G)logu(f | G).
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CLASSICAL CASE

With these definitions, the following lemma is proven:

Let (2, F, u) be a probability space, and Fi, Fy sub-o-fields of F.
Suppose that there exists a probability measure i that makes F;
and F» independent, p < i and p | F; = | F; for i = 1,2. Then,
for every f > 0 such that flog f € L'(u) and u(f) =1,

Ent,(f) pEnt,(f | F1) + Ent,(f | F2)],

<t
1 —4][h — 1|

d
where h = ﬁ
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TIONAL RELATIVE ENTROPY

CONDITIONAL RELATIVE ENTROPY BY DIFFERENCES

CONDITIONAL RELATIVE ENTROPY BY
DIFFERENCES

DX (pllo) =
trftralp(log p — logo)] — trap](log tralp] — log tra[a])],

CONDITIONAL RELATIVE ENTROPY BY DIFFERENCES

Let Hap = Ha®Hp and let pap,oap € Sap. We define the
conditional relative entropy by differences of p4p and g5 in
A by:

DR (paslloas) = D(paslloas) — D(psllos).
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£ ENTROPY

CONDITIONAL RELATIVE ENTROPY BY DIFFERENCES

PROPERTIES

Let Hap = Ha ® Hp. The following properties hold:
@ DX (paplloas) > 0 for every pagp,0ap € Sap.
Q If pap = 0B, then DE(PABHUAB) =0.
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CONDITIONAL RELATIVE ENTROPY BY EXPECTATIONS

CONDITIONAL EXPECTATION

CONDITIONAL EXPECTATION

Let A and B be two matrix algebras, and o a full rank state on
ARB. Amap E: AR B — B will be called a conditional
expectation of o on B if it satisfies the following:

O Complete positivity. [E is completely positive and unital.
@ Consistency. For every f € A® B, tr[oE(f)] = tr[o f].
Q Reversibility. For every f,g € AR B, (E(f),9)s = (f,E(9))o-

© Monotonicity. For every f € A® B and n € N,
(E"(f), flo 2 E(S), flo
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CONDITIONAL RELATIVE ENTROPY BY EXPEC

Q E*(0) = o, where the dual is taken with respect to the
Hilber-Schimdt scalar product.

@ E is self-adjoint in La(0).
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DITIONAL RELATIVE ENTROPY
CONDITIONAL RELATIVE ENTROPY BY EXPECTATIONS

MINIMAL CONDITIONAL EXPECTATION

We define the minimal conditional expectation of o on A by

E%(pag) = tralnG pasny ), (3)

where 19 = (tI'A[UAB])_I/QUil/;'

(E%)* (hereafter denoted by E*) is given by

. 12 _—1/2  _—1/2 1/2
EX(pap) = 04po5’ ppog ' oip. (4)
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CONDITIONAL RELATIVE ENTROPY BY
EXPECTATIONS

CONDITIONAL RELATIVE ENTROPY BY EXPECTATIONS

Let Hap = Ha ® Hp be a composite Hilbert space and
PAB,0AB € Sap. Let E be a conditional expectation. We define
the conditional relative entropy by expectations of p4p and
oap in A by:

DX (paslloas) = D(paslEi(pas))-

| \

PROPERTIES
Let Hap = Ha ® Hp be a composite Hilbert space. The following
properties hold:

Q D%(paplloap) > 0 for every pap,oap € Sap.
Q If PAB = 0AB, then Dg(PABHUAB) = 0.
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CONDITIONAL RELATIVE ENTROPY

CONDITIONAL RELATIVE ENTROPY BY EXPECTATIONS

PROBLEM

Under which conditions holds

D3 (pllo) = DX (pllo)?

EXAMPLE
Llet H=HAQ@Hp. If c =04 ® op, then

DR (pllo) = DX (pllo)

for every p € Sp, A C A.

| A

In general, it is an open question.

-
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-FACTORIZATION

QUASI—FACTORIZATION RESULTS J
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) DITIONAL RELATIVE ENTROPY BY DIFFERENCES

CONDITIONAL RELATIVE ENTROPY BY
DIFFERENCES

Figura: The set of indices of a tripartite Hilbert space
Hape =Ha@Hp Q@ He.
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ACTORIZATION
CONDITIONAL RELATIVE ENTROPY BY DIFFERENCES

QUASI-FACTORIZATION

Let Hapc = Ha ® Hp ® He be a tripartite Hilbert space and
PABC,0ABC € Sapc- Then, the following inequality holds

(1 =2||h|lo)D(paBclloasc) <
< DRg(papclloasc) + DBc(pasclloasc),

where

1
h= 5{(7;1 ®og',0ac} — Lac.

Note that h = 0 if o is a tensor product between A and C.
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CONDITIONAL RELATIVE ENTROPY BY EXPECTATIONS

QUASI-FACTORIZATION FOR CONDITIONAL EXPECTATIONS

Let Hapc = Ha ® Hp ® He be a tripartite Hilbert space and
PABC,0ABC € Sapc. Then, the following inequality holds

(1 =2||h|loo)D(paBclloaBc) <
< DEg(pasclloasc) + DEc(pasclloasc),

where

1/ /

—-1/2 —1/2 —1/2 —1/2
h:aA/ ®ac/ oac0o, " ®os T —Tyc,

and E is the minimal conditional expectation. Note that h = 0 if o
is a tensor product between A and C.
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Qu

ORIZATION

CONDITIONAL RELATIVE ENTROPY BY EXPECTATIONS

For density matrices papc, oaBc € SaBc, it holds that

D(papclloapc) <
< DXg(pasclloasc) + Dic(pasclloapc) +logtr M,

where M = exp [—logoapc +10gE* s(papc) + log Ep-(paBc)]
and equality holds (both sides being equal to zero) if

PABC = OABC-

Moreover, if B is an empty set and c4c = g4 ® o¢, then
logtr M = 0.
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( CTORIZATION

CONDITIONAL RELATIVE ENTROPY BY EXPECTATIONS

With the same notation of step 1, we have that

logtr M < tr(hpa ® pc), (5)

where
1/2 —1/2

hzazl/2®051/20,400; ®os "7 —1ye.

v

With the same notation of the previous steps,

tr[h pa ® pc] < 2||h||D(paBclloasc)- (6)

v
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MOTIVATION

MOTIVATION

Figura: A quantum spin lattice system.

o Lattice A C Z¢.
o For every site z, H, (= C%).
@ The global Hilbert space associated to A is Hp = ®xeA H,.
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MOTIVATION

RAPID MIXING

DISSIPATIVE QUANTUM SYSTEMS

A dissipative quantum system is a 1-parameter continuous
semigroup {7;},~, of completely positive, trace preserving (CPTP)
maps (a.k.a. quantum channels) in Bj.

@ Positive: Maps positive operators to positive operators.

o Completely positive: 7 ® 1 : By @ M, — By @ M., is
positive Vn € N.

o Trace preserving: tr[7 (f)] = tr[f] Vf € Ba.
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MOTIVATION

The infinitesimal generator £ of a semigroup of quantum channels
is called Liouvillian.

d
_tL _ _
7;—6 @ﬁ—*dtﬁ’tfo

CONTRACTION

We define the contraction of 7; by

1
1T = 5 sup Ii(p) = o) -
PEOA

v

RAPID MIXING

We say that £ satisfies rapid mixing if

n(T;) < poly(|A])e™".
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LOG-SOBOLEV INEQUALITY

Let o be the stationary state of a semigroup generated by the
quantum dynamical master equation

pr = L*(pr), ()
where L is the Liouvillian in the Heisenberg picture.
We define the relative entropy of p; and o by:
D(pi||o) = tr[p(log p; —log o)]. (8)
Therefore, since p; evolves according to L*, the derivate of
D(p¢||o) is given by
9 D(pillo) = tr[L7(p¢)(log pr — log o)], (9)

and we want to find a lower bound for the derivative of D(p||o) in
terms of itself:

20D (py||o) < —tr[L7(pe)(log pr — log o). (10)
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MOTIVATION

LOG-SOBOLEV INEQUALITY

Let £ : By, — B be a primitive reversible Liouvillian with
stationary state 0. We define the log-Sobolev constant of £ by

. ¢ —tr[L7(p)(log p — log 0)]
PESA 2D(pl|o)

SA(L) :=

v

RESULT

If SA(L) >0,

loe = ol < v/2108(1/0min)e 51,

A

Log-Sobolev inequality = Rapid mixing.

—
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MOTIVATION

Figura: A quantum spin lattice system A and A, B C A such that
AUB=A.
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MOTIVATION

QUASI-FACTORIZATION FOR LATTICES

Let A be a finite subset of Z% and let A, B C A so that AUB = A
but they are not necessarily disjoint. Let p,c € Sp. Then, the
following inequality holds

(1 = 2llhxllo) D(pllo) < D (pllo) + Dis (pllo),  (11)

where D (p||o) = DR (p||o) or DE(p||o) and the same for B,
and
> For D (pllo) = DZ (pllo),
hx = 2{o4t ® 05e, 0 acuBe } — Lacupe.
> For D (pllo) = DX (pllo).

1/2 1
hX:O'AC/ ®0’B/ O'AcuBcO'Ac/ ® 0pe

Note that h =0 if AN B =0 and o is a product.

—1/2
/ — 1 gcyBe
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LOG-SOBOLEV INEQUALITY

Since

(1 = 2llhll)D(pllo) < DX (pllo) + DE (pllo),

defining a conditional log-Sobolev constant in A and B, Sx(L4)
and S\ (Lg), we have

SA(L) > C min {Sa(A4;), Sa(B;)}.

1<i<n



(:2U.\S[»F:\CTOR[Z:\Tl()N OF THE QUANTUM RELATIVE ENTROPY

MOTIVATION

FOR FURTHER KNOWLEDGE,

SOON ON ARXIV.
(WE HOPE SO!)
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