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OPEN QUANTUM SYSTEMS

PROBLEM

Velocity of convergence of certain quantum dissipative evolutions to their thermal
equilibriums.

No experiment can be executed at zero temperature or be completely
shielded from noise.

= Open quantum many-body systems.

e Dynamics of S is dissipative!
o The continuous-time evolution of a state on S is given by a q. Markov semigroup
(Markovian approximation).
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QUANTUM MARKOV SEMIGROUPS

A quantum Markov semigroup is a 1-parameter continuous semigroup {7;"},~, of
completely positive, trace preserving (CPTP) maps (a.k.a. quantum channels) in Sa.

t—o0

pr == pr =T (pa) = €A (pa) =5 o

RAPID MIXING

We say that £} satisfies rapid mixing if

sup |lp: — oall; < poly(|A])e™".
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Relative entropy: D(p||c) := tr[p(log p — logo)]

The MLSI constant of £} is defined as:

" .o —tr[LA(pa)(log pa —logaa)]
Ly) = f
al£h) = ff 2D(palloa)

If lim inf a(L}) > O:
A 7.d

D(plloa) < D(pallon)e >R,
and with Pinsker’s inequality, we have:

o — oally < /2D (pallon) e~ Rt < /2Tog (T Jomm) e 2R,

For thermal states, omin ~ exp(|A]).

MLSI = Rapid mixing. J

Using the spectral gap (Kastoryano-Temme ’13):

loe = oally < V/1/0min e MR,
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Used in (C.-Lucia-Pérez Garcia ’18) and (Bardet-C.-Lucia-Pérez Garcia-Rouzé, ’19).

Decay of correlations

Quasi-factorization Geometric

of the recursive
relative Definition argument

entropy conditional

Log-Sobolev
constant

Positive conditional
log-Sobolev constant

on the Gibbs state
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CONDITIONAL MLSI CONSTANT

The MLSI constant of £} is defined by

" .o —tr[LA(pa)(log pa —logaa)]
L)) = f
al£h) = fuf 2D (pal|oa)

CONDITIONAL MLSI CONSTANT
The conditional MLSI constant of £} on A C A is defined by

. o —tr[Lh(pa)(log pa —logoa )
L) = f
an(Ld) = inf 2D a(pallon)
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QUASI-FACTORIZATION OF THE RELATIVE ENTROPY

Given A = ABC, it is an inequality of the form:
D(palloa) < &(oasc) [Das(palloa) + Dec(palloa)],

for pa,on € D(HaBc), where {(capc) depends only on 04pc and measures how far
oac 1s from o4 ® oc.
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EXAMPLE: TENSOR PRODUCT FIXED POINT

(C.-Lucia-Pérez Garcia '18)  Li(pa) = Z (02 ® pze — pr)

xEA
on = Q os, @
zEA
D(palloa) <
B < >0l
zEA
i ) < N T tr[£ (pa)(log pa —log o))
a zEA 20&/\([,‘,;)
1
N i | O
~ 2inf aa(L2) Z r[L5 (pa)(log pa — logoa)]
zEA zEA
=7 = zjn/f\aA(E;) A(pa)(log pa g oA
z€

@ < (—tr[La(pa)(log pa —logaa)]) .
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MLSI, INFORMAL (C.-Rouzé-Stilck Franga ’20)
Let Ha be a local commuting Hamiltonian with 5 < . and such that one of the
following conditions holds:

@ H, is classical.

@ H, is a nearest neighbour Hamiltonian.

@ Ais 1D.

Then, there exists a local quantum Markov semigroup with fixed point oa, the Gibbs
state of Ha, such that it has a positive MLSI constant which is independent of the
system size.
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MLSI, INFORMAL (C.-Rouzé-Stilck Franga ’20)
Let Ha be a local commuting Hamiltonian with 5 < . and such that one of the
following conditions holds:

@ H, is classical.

@ H, is a nearest neighbour Hamiltonian.

@ Ais 1D.

Then, there exists a local quantum Markov semigroup with fixed point oa, the Gibbs
state of Ha, such that it has a positive MLSI constant which is independent of the
system size.

Vpa € Sa, D(pilloa) < e D(palloa) .

It constitutes the first unconditional proof of MLSI for quantum lattice systems at
high temperature.
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Let {etﬁf*&} be a quantum Markov semigroup with £} (o) = 0.
t>0

For A C A, let Eas := lim etLh,
t—o00

QUASI-FACTORIZATION VIA PINCHING (Bardet-C.-Rouzé '20)
We have:

1

o <
D(pllEaus-(9) < 15

[D(pll Eax(p)) + D(pllE+(p))] + §aces e ()

where

c1:= max||[Ea o Ep — Eaus|l,
blocks

and €aco e (p) strongly depends on the Pinching.
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TILING

(Bravyi-Vyalyi ’05) Nearest neighbour Schmidt semigroups.

Conditional expectation: Tiling A + NN Schmidt semigroups = {acpe (p) = 0. J

Chain rule for the relative entropy (Ohya-Petz '04, Junge-Laracuente-Rouzé
’20): If 0 = Ea+(0), then

D(pllo) = D(pl[Eax(p)) + D(Eax(p)llo) -

o D(p||Eax(p)) — Positive CMLSI (Gao-Rouzé '21)
o D(Ea«(p)|lo) — Quasi-factorization result.
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QUASI-FACTORIZATION (C.-Rouzé-Stilck Franga ’20)
If w := Ea«(p), for C and D as above,

1
1—201

D(wl| Ecupe(w)) < (D@IlEc+()) + D]l Ep«()))

The Hamiltonian needs to be classical, 1D or nearest neighbour.
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DECAY OF CORRELATIONS

CLUSTERING OF CORRELATIONS
For high-enough temperature

_d(C\D,D\C)
c¢1 = max||Ec o Ep — Ecup|| < c|CUD|e k ,

blocks
Consequence of
High temperature Analyticity after measurement N Our clustering
B < Be (Harrow et al. ’20) of correlations

The Hamiltonian needs to be at high temperature.
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FINAL STEPS OF THE PROOF

The recursive geometric argument is adapted from classical results (Cesi '02, Dai
Pra-Paganoni-Posta ’02)
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The recursive geometric argument is adapted from classical results (Cesi '02, Dai
Pra-Paganoni-Posta ’02)

The positivity of the conditional MLSI follows from:
Pinched MLSI + Positivity of the complete MLSI (Rouzé-Gao ’21)

Qe = égga (LA ® 1y).
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JOINING THE PIECES

We want to show that there exists a > 0, independent of the system size, such that

2aD(palloa) < —tr[Li(pa)(log pa —logoa)] =: EPa(pa)

e BHA

for op = n[e AT with Hpa in the conditions described.

D(palloa) = D(pllEax(p)) + D(Eax(pa)lloa)
(CMLSI) < a.(Lax)""EPa(pa) + D(Eax(pa)on)

@ + @ < aC(LIA* 71EPA(pA) + ’yXlEPA(pA)
< (@e(Lax)” +’YA1) EPA(pa)
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JOINING THE PIECES

We want to show that there exists a > 0, independent of the system size, such that

2aD(palloa) < —tr[Li(pa)(log pa —logoa)] =: EPa(pa)

for op = t:[?;_ﬁ%/\] with Hpa in the conditions described.
D(palloa) = D(pl|Eax(p)) + D(Ea«(pa)lloa)
(CMLSI) < a.(Lax)""EPa(pa) + D(Eax(pa)on)

@ + @ < ac(Lax)T"EPA(pa) + 72 'EPA(pa)
< (ae(Las)™" + 75 ) EPa(pa)

Finally, ’yxl is positive and independent of |A| by @ .
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CONCLUSIONS

In this talk:
@ Use of results of quasi-factorization and decay of correlations to prove MLSI.
e First unconditional proof of MLSI on quantum lattice systems for classical,
nearest neighbour commuting and 1D commuting Hamiltonians.
Open problems:
e Extension to k-local commuting Hamiltonians.

o Extension to more semigroups.

For further information, see 2009.11817.
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