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INTRODUCTION TO THE SETTING

Study of locality, stability and correlations on quantum Gibbs states

e Lattice A cc Z”
e Hamiltonian H, = ZHX
A
e Short-range (exponentially-decaying interactions)
e Finite-range (k-local interactions)

o Gibbs state (atinverse , e PHa
temperature 0 > 0) Lo Tr[e—BHA]
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Properties:

e Locality (from systems to states)

e Stability (against perturbations)

e Correlations (decay between spatially separated regions)




SHORT-RANGE HAMILTONIANS

¢ lattice Aca 2"
e Hamiltonian H, = ZHX
XA

e Short-range (exponentially-decaying interactions)
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e Finite-range (k-local interactions)
Ha =0 for diam (X ) ke and el L VX A

o
* Gibbs state @t imerse A, €
temperature 3 > () . Tr[e—ﬁHA]
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Main goal of this talk:
"Unification of several properties of locality and
measures of correlations on Gibbs states”

Summary of main results:
e From decay of correlations to locality and stability of the Gibbs state




FROM DECAY OF CORRELATIONS TO LOCALITY
AND STABILITY OF THE (GIBE

C., MoscoLARI, TEU




DECAY. OF CORRELATIONS (COVARIANCE)

e Lattice AccZ”, A=ABC

e Hamiltonian H, = ZHX

X@n
6_6HA

e Gibbs state (at inverse /OA . —
temperature 5 > () Tr[e—BHA]

e Family of Hamiltonians (HA)pcc7zD

Covariance

Cov,a(4,C) = Sup Tr[p™ O40¢c] — Tr[p* O 4] Tr[p™ O]
|0 a||=]Oc|=1

Exponential decay with d(A,(C)?
fonanld . Cl o e o ild L) o= CCeudlA,L)

(for Kcop > 0, acon > 0 and fcov(A4, C) depending on the size of A and C, but uniform in A )




DECAY. OF CORRELATIONS (COVARIANCE)

s lattice Acc 7. A= ABC

+ Hamiltonian H, = 3" Hy , family of Hamiltonians (HA)Acczo

@ e—ﬁHA

o ' A
Gibbs state p" : Tr[e—PFa

Exponential decay covariance?

COVPA (A7 C) — SUD ‘Tr[pA OAOC] _ Tr[pA OA]Tr[pA OC” < KCofoov (Aa C) e—acovd(A,C’)
[0a]|=]l0c||=1

1D, translation-invariant Hamiltonian High D, high-enough temperature

Infinite chain Finite chain G 0.

A
- 9290900009099 9090920020090000 - (* 2% " I N AN+ I+ I+ B I+ I+ I+ I+ I+ I+ )
H—/ %/—/
A
A

[Kliesch et al., ‘14]
foou(A, C) = O(|04],|0C1)

>0 Finite range

> ()
Finite range [Araki, ‘69] [Bluhm, C.
Perez-Hernandez, '22]

[Frohlich-Ueltschi, '15]
feow (A, C) = O(|A]|C])

5 < b b < b |
Short range [Pérez-Garcia, [C., N\oscolarl,,
Pérez-Hernandez, ‘23] Teufel, Wessel, 23]

Short range

B1 — 00 for finite range, fcou(A,C) =1



LocAL PERTURBATIONS PERTURB LocALLY (LPPL)

e Lattice A ccz”, A=ABC

* Hamiltonian Hx = » Hx, family of Hamiltonians (Ha)acczp

o 1 b
Gibbs state p" : Tr[e—PHA]

e Perturbation Vi, observable O 4

= e—B(HA—I-VC)
e Perturbed Gibbs state P = Tr[e—B(Ha+Vo)]

Local Perturbations Perturb Locally (LPPL)

Trapc(p® Oa) — Trapc(p” Oa)| < Kppprl|Oall frppi(A, C) e IVel gmarrrrdd,C)

(for Krppr > 0,arppr > 0and frrPL(4,C) depending on the size of A and C, but uniform in A\ )

LPPL is frequently used for locality of ground states [Bachmann et al., '11] [de Roeck, Schiitz, 15] [Henheik et al., ‘22]



s Latlice Acc 70 A= ABC
e Hamiltonian Hy = Y Hx, family of Hamiltonians (Ha)acczo

XNan : . e—BHA
* Gibbs stafe p" = 755
e Gibbs state e Has

(of truncated Hamiltonian) # . Tyle BHas




CONNECTIONS IN HIGH DIMENSION

In [C., Moscolari, Teufel, Wessel, ‘23], for short-range interactions:




CONNECTIONS IN HIGH DIMENSION

[Kliesch et al., ‘14] finite-range

oscolari, Teufel, Wessel, ‘23], for short-range interactions: [Frohlich-Ueltschi, “15] short-range

A dist(A4, )




CONNECTIONS IN 1D, TRANSLATION-INVARIANT

1D, translation-invariant | 51 — oo for finite range,

b < b1

[Araki, "69] finite-range [Pérez-Garcia, Péerez-Hernandez ‘23] short-range

Exponential decay covariance (infinite chain)
COVIOA (A, C) < Koo e_O‘Covd(AaC) . .

- 9000090009000 090090900002900060 -
%/—%\/—/’

[Bluhm, C., Perez-Hernandez, ‘22] finite-range [C., Moscolari, Teufel, Wessel, ‘23] short-range

Exponential decay covariance (finite chain)
COVpA (A7 C) < Kcow e—OéCovd(A,C) A ;

Gevsses00000000 " [C., Moscolari, Teufel, Wessel, 23]
Local indistinguishability Local Perturbations Perturb Locally (LPPL)
Trapc(p® Oa) — Trap(p™ O4)) Trapc(p® Oa) — Trapc(p™ O4)

S KLIHOAH e—aLId(A,C) S KLPPLHOAH e3,B||V(j|| e—OéLppLd(A,C)



DROOF IN HIGH DIMENSION

Main ingredients

e Quantum Belief Propagm‘ion (QBP) [Hastings, ‘07], [Kim, ‘12] and many more

e Lieb-Robinson bounds [Lieb-Robinson, ‘72]




DROOF IN HIGH DIMENSION

in ingredients:

uantum Belief Propagation (QBP) [Hastings, ‘07], [Kim, ‘12] and many more
* Lieb-Robinson bounds [Lieb-Robinson, ‘72]
e Site-by-site removal [Brandao-Kastoryano, ‘19]

A dist(A4, )




DROOF IN HIGH DIMENSION

in ingredients:

uantum Belief Propagation (QBP) [Hastings, ‘07], [Kim, ‘12] and many more
e Lieb-Robinson bounds [Lieb-Robinson, ‘72]
e Site-by-site removal [Brandao-Kastoryano, ‘19]

A dist(A4, )




QUANTUM = PROPAGATION

e Hamiltonian Hjx = ZHX, perturbation Vi
X CA

ik 1 S1 Sm—1
with n(V) = 5 /O d81/0 dsy .. O ds. Ol O for 1) (17 - e O O
R

m=0




QUANTUM BELIEF PROPAGATION

: D i
o Lattice ACCZ”, A=ABC Quantum Belief Propagation
e Hamiltonian Hx = » Hx, perturbation V e BHAVE) — (Vo )e BHAR (V)
Xa i

with 2(V) i( ) / d81/ dsy . . / dsp, O (V) -...-B(V)  for U%(V) ::/ db faltie iy A H N
m= R

Quantum Belief Propagation for short-range interactions [c., Moscolari, Teufel, Wessel, ‘23]

Path of Hamiltonians Hx(s) := Hp + sVe

—BHA(s) _

X

£
e For H)(s) we have e n(s)*, n(s)|| < ez*Ivel

A e PIal) A T Bslve
e For the Gibbs states p”(s) := Tifo L] We have p5(s) = 1(s)p5(0)i(s)*, [Ii(s)] <e

with 1105 (s) — p5(0)l|n < e*P*IVel —1

e Moreover Hﬁ(s) — ﬁg(S)H S KDBSH‘/bHGBSHVC”G_WE for 776(5) suppor’red In Bg(C)




SITE REMOVAL

Local indistinguishability Local Perturbations Perturb Locally (LPPL)
Trapc(p® Oa) — Trap(p™ O4)) Trapc(p® Oa) — Trapc(p™ Oa)
< Kpi]|Oallfri(A, C) e e < Krppr|Oall frppi(A, C) ePIVell gmanrrrdid )

[Brandao-Kastoryano, '19]

e Idea: Remove site by site in the boundary (from
the interactions in the Hamiltonian)

e Use QBP and exp. decay of covariance to show
that the change at each step is small
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This requires uniform exponential decay of covariance!
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[Kuwahara, "24] Otherwise, the scaling is not good enough

Similar idea in [Onorati et al., ‘23]
for learning of Hamiltonians
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ANY DIMENSION
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DECAY. OF CORRELATIONS (COVARIANCE)

s lattice Acc 7. A= ABC

+ Hamiltonian H, = 3" Hy , family of Hamiltonians (HA)Acczo

@ e—ﬁHA

o ' A
Gibbs state p" : Tr[e—PFa

Exponential decay covariance?

COVPA (A7 C) — SUD ‘Tr[pA OAOC] _ Tr[pA OA]Tr[pA OC” < KCofoov (Aa C) e—acovd(A,C’)
[0a]|=]l0c||=1

1D, translation-invariant Hamiltonian High D, high-enough temperature

Infinite chain Finite chain G 0.

A
- 9290900009099 9090920020090000 - (* 2% " I N AN+ I+ I+ B I+ I+ I+ I+ I+ I+ )
H—/ %/—/
A
A

[Kliesch et al., ‘14]
foou(A, C) = O(|04],|0C1)

B >0 B > 0 [Bluhm, C. Finite range

Finite range [Araki, '69] Pérez-Hernandez, ‘22]

[Frohlich-Ueltschi, '15]
feow (A, C) = O(|A]|C])

5 < b b < b |
Short range [Pérez-Garcia, [C., N\oscolarl,,
Pérez-Hernandez, ‘23] Teufel, Wessel, 23]

Short range

B1 — 00 for finite range, fcou(A,C) =1



DECAY OF MUTUAL INFORMATION

e Lattice AccZ”, A=ABC

e Hamiltonian H, = ZHX

X A
: = o]
+ Gibbs state at inverse  pA . €

temperature 5 > () Tr[e—BHA]

e Family of Hamiltonians (HA)pcc7zD

Mutual information p* =p

I,(A:C) = D(pacl|pa ® pc) = Trlpac(logpac —logpa ® pc)]

Exponential decay with d(A, C)?
Eatdachc doufuald cienduadd b

(For Kprr >0, anmr >0 and fur(A,C) depending on the size of A and C, but uniform in A)




DECAY OF MUTUAL INFORMATION

s lattice Acc 7. A= ABC

+ Hamiltonian H, = 3" Hy , family of Hamiltonians (HA)Acczo

@ e—ﬁﬂA

o ' N
Gibbs state p" : Tr[e—PFa

Exponential decay mutual information?
I,(A:C)=Tr[pac(logpac —logpa ® pc)] < Knirfur(A,C) e *mrdac)

1D, translation-invariant Hamiltonian High D, high-enough temperature

Finite chain i

A

N
A

8 >0 [Bluhm, C.
Finite range Perez-Hernandez, ‘22]

Finite range [Kuwahara et al., '20] ?

Short range

Short range ?




MIXING CONDITION

e Lattice AccZ”, A=ABC

e Hamiltonian H, = ZHX

X A
: = o]
+ Gibbs state at inverse  pA . €

temperature 5 > () Tr[e—BHA]

e Family of Hamiltonians (HA)pcc7zD

Mixing condition  p" =

lpacra’ @ pc' — 1| < Kye fuc(A, C) e @medtdo)

(for Kpre > 0, ape > 0and farc(A, C) depending on the size of A and C, but uniform in A)

Instrumental in the proof of Modified Logarithmic Sobolev Inequalities  [Kochanowski, Alhambra

(and thus rapid mixing of Lindbladians) C., Rouze, "24]




MIXING CONDITION

e Lattice AccZ”, A=ABC

e Hamiltonian H, = ZHX

X@n
6_6]_[./\

e Gibbs state (at inverse /OA . —
temperature 5 > () Tr[e—BHA]

e Family of Hamiltonians (HA)pcc7zD

MiXing COndi'I'iOn ,OA =3 Holds for 1D ’rran.sla’rion-invarian’r Hamiltonians,
at any inverse temperature
g | —1 —OéMcd(A,C) [Bluhm, C.
H,OAC’,OA X Pc — 1H < KMC’fMC’(Av C) € Perez-Hernandez, '22]

(for Kpre > 0, ane > 0and farc(A, C) depending on the size of A and C, but uniform in A)

Instrumental in the proof of Modified Logarithmic Sobolev Inequalities [Kochanowski, Alhambra

(and thus rapid mixing of Lindbladians) Fatdet et L, 24/ C., Rouze, '24]



PREVIOUS RESULTS: RELATION

e Covariance Cov,(A,C) = sup  |Tr[pOAO0¢c] — Tr[p O A]Tr[p O¢]
|0a]|=]Oc||=1

e Mutual information I,(A:C) = Tr[pac(logpac —logpa ® pc)]

* Mixing condition [pacpy ®pc' —1]

RELATION
1 _ _
S Cov(4,C) < I,(A: C) < |pacps ® g — 1]
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[Araki, "69] finite-range




.’/h. QlC.

lesch et al., "14] finite-range
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rohlich-Ueltschi, ‘15] short-range

QBP + LR bounds




cTIVE HAMILTONIAN

e Lattice A cc zZ”

e Hamiltonian Hx = ZHX
XCA




Several properties of locality and

We have shown

[C., Moscolari,
Teufel, Wessel, ‘23]
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SUMMARY RESULTS

We have shown: Several properties of locality and
decay of correlations on Gibbs states are equivalent!

oscolari,

A IisL(A, a)




SUMMARY RESULTS

[Araki, "69] finite-range [Kliesch et al., ‘14] finite-range
[Perez-Garcia, Perez-Hernandez ‘23] short-range [Frohlich-Ueltschi, '15] short-range

[C., Moscolari,
Teufel, Wessel, ‘23]

C
B
A dist(4, )



e Existence of the effective Hamiltonian?
* Long-range interactions?

* More applications?







