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• Lattice 

• Hamiltonian


• Short-range (exponentially-decaying interactions)

• Finite-range (k-local interactions)

INTRODUCTION TO THE SETTING

<latexit sha1_base64="z8uEKzYcLi5OONqfGhMjZC4t7I4=">AAACIHicbVDLSgMxFM3Ud32NunQTLIKrMiPFuizowoULBatip5ZM5rYNzTxI7qhlmE9x46+4caGI7vRrTMeCzwshh3Puubk5fiKFRsd5s0oTk1PTM7Nz5fmFxaVle2X1VMep4tDksYzVuc80SBFBEwVKOE8UsNCXcOYP9kb62RUoLeLoBIcJtEPWi0RXcIaG6th1D+EGiznZdV8g5Jl3aOwBo55OfQ34dYcM+76fXeSX+3nHrjhVpyj6F7hjUCHjOurYr14Q8zSECLlkWrdcJ8F2xhQKLiEve6mGhPEB60HLwIiFoNtZsVhONw0T0G6szImQFux3R8ZCrYehbzpHS+rf2oj8T2ul2N1tZyJKUoSIfz7UTSXFmI7SooFQwFEODWBcCbMr5X2mGEeTadmE4P7+8l9wul11d6ruca3SqI3jmCXrZINsEZfUSYMckCPSJJzcknvySJ6sO+vBerZePltL1tizRn6U9f4BG8mkuQ==</latexit>

⇤ ⇢⇢ ZD
<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

• Gibbs state (at inverse 
temperature         )

<latexit sha1_base64="PTb38PDjwhKb9qUy+fO74rDpRkI=">AAACB3icbVDJSgNBEO2JW4xb1KMgjVHwFGZE1JMEvHiMYBZIhtDTqUma9Cx016hhmJsXf8WLB0W8+gve/Bs7y0ETHxQ83qvq6npeLIVG2/62cguLS8sr+dXC2vrG5lZxe6euo0RxqPFIRqrpMQ1ShFBDgRKasQIWeBIa3uBq5DfuQGkRhbc4jMENWC8UvuAMjdQp7rcRHnD8TnrfFwhZStseIKOXdkZpp1iyy/YYdJ44U1IiU1Q7xa92N+JJACFyybRuOXaMbsoUCi4hK7QTDTHjA9aDlqEhC0C76Xh/Ro+M0qV+pEyFSMfq74mUBVoPA890Bgz7etYbif95rQT9CzcVYZwghHyyyE8kxYiOQqFdoYCjHBrCuBLmr5T3mWIcTXQFE4Ize/I8qZ+UnbOyc3NaqhxO48iTPXJAjolDzkmFXJMqqRFOHskzeSVv1pP1Yr1bH5PWnDWd2SV/YH3+AIf2mPY=</latexit>

� > 0

<latexit sha1_base64="larWhiHlZTCqqJzib90wKn65GHU="></latexit>

⇢⇤ :=
e��H⇤

Tr[e��H⇤ ]

Properties:

• Locality (from systems to states)

• Stability (against perturbations)

• Correlations (decay between spatially separated regions)

Study of locality, stability and correlations on quantum Gibbs states



• Lattice 

• Hamiltonian


• Short-range (exponentially-decaying interactions)


• Finite-range (k-local interactions) 

SHORT-RANGE HAMILTONIANS

<latexit sha1_base64="z8uEKzYcLi5OONqfGhMjZC4t7I4=">AAACIHicbVDLSgMxFM3Ud32NunQTLIKrMiPFuizowoULBatip5ZM5rYNzTxI7qhlmE9x46+4caGI7vRrTMeCzwshh3Puubk5fiKFRsd5s0oTk1PTM7Nz5fmFxaVle2X1VMep4tDksYzVuc80SBFBEwVKOE8UsNCXcOYP9kb62RUoLeLoBIcJtEPWi0RXcIaG6th1D+EGiznZdV8g5Jl3aOwBo55OfQ34dYcM+76fXeSX+3nHrjhVpyj6F7hjUCHjOurYr14Q8zSECLlkWrdcJ8F2xhQKLiEve6mGhPEB60HLwIiFoNtZsVhONw0T0G6szImQFux3R8ZCrYehbzpHS+rf2oj8T2ul2N1tZyJKUoSIfz7UTSXFmI7SooFQwFEODWBcCbMr5X2mGEeTadmE4P7+8l9wul11d6ruca3SqI3jmCXrZINsEZfUSYMckCPSJJzcknvySJ6sO+vBerZePltL1tizRn6U9f4BG8mkuQ==</latexit>

⇤ ⇢⇢ ZD

<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

<latexit sha1_base64="cDEO8MBKAAutMlfGzMR1pE8G3IE="></latexit>

kH⇤k�,µ := sup
x2V

X

X3x

kHXke�|X|+µdiam(X)
< 1

<latexit sha1_base64="hyx3v0WBKbs9fd6DCeSJ4Vv872Y="></latexit>

HX = 0 for diam(X) > k and kHXk < J 8X ⇢ ⇤

• Gibbs state (at inverse 
temperature         )

<latexit sha1_base64="PTb38PDjwhKb9qUy+fO74rDpRkI=">AAACB3icbVDJSgNBEO2JW4xb1KMgjVHwFGZE1JMEvHiMYBZIhtDTqUma9Cx016hhmJsXf8WLB0W8+gve/Bs7y0ETHxQ83qvq6npeLIVG2/62cguLS8sr+dXC2vrG5lZxe6euo0RxqPFIRqrpMQ1ShFBDgRKasQIWeBIa3uBq5DfuQGkRhbc4jMENWC8UvuAMjdQp7rcRHnD8TnrfFwhZStseIKOXdkZpp1iyy/YYdJ44U1IiU1Q7xa92N+JJACFyybRuOXaMbsoUCi4hK7QTDTHjA9aDlqEhC0C76Xh/Ro+M0qV+pEyFSMfq74mUBVoPA890Bgz7etYbif95rQT9CzcVYZwghHyyyE8kxYiOQqFdoYCjHBrCuBLmr5T3mWIcTXQFE4Ize/I8qZ+UnbOyc3NaqhxO48iTPXJAjolDzkmFXJMqqRFOHskzeSVv1pP1Yr1bH5PWnDWd2SV/YH3+AIf2mPY=</latexit>

� > 0

<latexit sha1_base64="larWhiHlZTCqqJzib90wKn65GHU="></latexit>

⇢⇤ :=
e��H⇤

Tr[e��H⇤ ]



PROPERTIES OF SHORT-RANGE HAMILTONIANS

Main goal of this talk:

“Unification of several properties of locality and 


measures of correlations on Gibbs states”

Summary of main results:

• From decay of correlations to locality and stability of the Gibbs state


• Strong decay of correlations for Gibbs states in any dimension


Decay of correlations

(by the covariance)

Local indistinguishability

(of the Gibbs state)

Local perturbations perturb locally

(stability against perturbations)

Effective Hamiltonian Equivalence of several measures of correlations

(covariance, mutual information, mixing condition)



FROM DECAY OF CORRELATIONS TO LOCALITY 

AND STABILITY OF THE GIBBS STATE


(C., MOSCOLARI, TEUFEL, WESSEL, ’23)

Decay of correlations

(by the covariance)

Local indistinguishability

(of the Gibbs state)

Local perturbations perturb locally

(stability against perturbations)



(for             ,             and                depending on the size of A and C, but uniform in    )


DECAY OF CORRELATIONS (COVARIANCE)
• Lattice 

• Hamiltonian


• Family of Hamiltonians 

<latexit sha1_base64="z8uEKzYcLi5OONqfGhMjZC4t7I4=">AAACIHicbVDLSgMxFM3Ud32NunQTLIKrMiPFuizowoULBatip5ZM5rYNzTxI7qhlmE9x46+4caGI7vRrTMeCzwshh3Puubk5fiKFRsd5s0oTk1PTM7Nz5fmFxaVle2X1VMep4tDksYzVuc80SBFBEwVKOE8UsNCXcOYP9kb62RUoLeLoBIcJtEPWi0RXcIaG6th1D+EGiznZdV8g5Jl3aOwBo55OfQ34dYcM+76fXeSX+3nHrjhVpyj6F7hjUCHjOurYr14Q8zSECLlkWrdcJ8F2xhQKLiEve6mGhPEB60HLwIiFoNtZsVhONw0T0G6szImQFux3R8ZCrYehbzpHS+rf2oj8T2ul2N1tZyJKUoSIfz7UTSXFmI7SooFQwFEODWBcCbMr5X2mGEeTadmE4P7+8l9wul11d6ruca3SqI3jmCXrZINsEZfUSYMckCPSJJzcknvySJ6sO+vBerZePltL1tizRn6U9f4BG8mkuQ==</latexit>

⇤ ⇢⇢ ZD

<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

• Gibbs state (at inverse 
temperature         )

<latexit sha1_base64="larWhiHlZTCqqJzib90wKn65GHU="></latexit>

⇢⇤ :=
e��H⇤

Tr[e��H⇤ ]

<latexit sha1_base64="gIoq7RgRQidFWnhrFFjIl2tvTVQ=">AAACE3icbVDLSgMxFM3Ud32NunQTrIKIlBkRFURQu3HhooJVoS0lk97a0MyD5I5ahvkHN/6KGxeKuHXjzr8xHWeh1kMCh3Puvbk5XiSFRsf5tAojo2PjE5NTxemZ2bl5e2HxQoex4lDjoQzVlcc0SBFADQVKuIoUMN+TcOn1KgP/8gaUFmFwjv0Imj67DkRHcIZGatkbDYQ7zOYkt12BkCabtLGfnVMzps3oAT06rqSUtuySU3Yy0GHi5qREclRb9kejHfLYhwC5ZFrXXSfCZsIUCi4hLTZiDRHjPXYNdUMD5oNuJtkuKV0zSpt2QmVugDRTf3YkzNe673um0mfY1X+9gfifV4+xs9dMRBDFCAH/fqgTS4ohHQRE20IBR9k3hHElzK6Ud5liHE2MRROC+/fLw+Riq+zulN2z7dLhah7HJFkmK2SduGSXHJITUiU1wsk9eSTP5MV6sJ6sV+vtu7Rg5T1L5Bes9y9Tj5xi</latexit>

, ⇤ = ABC

<latexit sha1_base64="PTb38PDjwhKb9qUy+fO74rDpRkI=">AAACB3icbVDJSgNBEO2JW4xb1KMgjVHwFGZE1JMEvHiMYBZIhtDTqUma9Cx016hhmJsXf8WLB0W8+gve/Bs7y0ETHxQ83qvq6npeLIVG2/62cguLS8sr+dXC2vrG5lZxe6euo0RxqPFIRqrpMQ1ShFBDgRKasQIWeBIa3uBq5DfuQGkRhbc4jMENWC8UvuAMjdQp7rcRHnD8TnrfFwhZStseIKOXdkZpp1iyy/YYdJ44U1IiU1Q7xa92N+JJACFyybRuOXaMbsoUCi4hK7QTDTHjA9aDlqEhC0C76Xh/Ro+M0qV+pEyFSMfq74mUBVoPA890Bgz7etYbif95rQT9CzcVYZwghHyyyE8kxYiOQqFdoYCjHBrCuBLmr5T3mWIcTXQFE4Ize/I8qZ+UnbOyc3NaqhxO48iTPXJAjolDzkmFXJMqqRFOHskzeSVv1pP1Yr1bH5PWnDWd2SV/YH3+AIf2mPY=</latexit>

� > 0
<latexit sha1_base64="XqGaAHp/NJN94KrM4ahLOqEHk64="></latexit>

(H⇤)⇤⇢⇢ZD

Covariance

<latexit sha1_base64="bSy4B52ODnrYhnBNFbclOVo8syE="></latexit>

Cov⇢⇤(A,C) = sup
kOAk=kOCk=1

|Tr[⇢⇤ OAOC ]� Tr[⇢⇤ OA]Tr[⇢
⇤
OC ]|

Exponential decay with          ?

<latexit sha1_base64="yUKZoQaKh63qgz8kbu/a49jZ46s=">AAACBHicbVDJSgNBEO2JW4zbqMdcGqMQQcKMiHqM5OIxglkgCaGnU0ma9Cx016hhyMGLv+LFgyJe/Qhv/o2d5aCJDwoe71V1dT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaNyiN/dodKC3C4BaHEbR81gtEV3CGRmrb2SbCA07eSe77AmGUdPJXJ6XjEaVtO+cUnAnoInFnJEdmKLftr2Yn5LEPAXLJtG64ToSthCkUXMIo04w1RIwPWA8ahgbMB91KJstH9MgoHdoNlakA6UT9PZEwX+uh75lOn2Ffz3tj8T+vEWP3spWIIIoRAj5d1I0lxZCOE6EdoYCjHBrCuBLmr5T3mWIcTW4ZE4I7f/IiqZ4W3POCe3OWKx7O4kiTLDkgeeKSC1Ik16RMKoSTR/JMXsmb9WS9WO/Wx7Q1Zc1m9skfWJ8/DyKXlw==</latexit>

d(A,C)
<latexit sha1_base64="BK5F98/dxZh6RjvjBND197xzcgs="></latexit>

Cov⇢⇤(A,C)  KCovfCov(A,C) e�↵Covd(A,C)

<latexit sha1_base64="y+0rNElGb8dNsgL9yW/w2dnxIWg=">AAACBnicbVC7SgNBFJ31GeMramEhwmAUrMKuhVppII1gE8GokCzL7OTGDM4+mLkbDctWNv6KjYUiaf0AK7HxE/wDSyeJha8DFw7n3Dt37vFjKTTa9ps1Mjo2PjGZm8pPz8zOzRcWFk90lCgONR7JSJ35TIMUIdRQoISzWAELfAmn/kWl7592QGkRhcfYjcEN2HkoWoIzNJJXWG0gXOHgnfSyLRCylB56aSXqZHt25hWKdskegP4lzhcp7n88916XK+9Vr/DSaEY8CSBELpnWdceO0U2ZQsElZPlGoiFm/IKdQ93QkAWg3XSwPqMbRmnSVqRMhUgH6veJlAVadwPfdAYM2/q31xf/8+oJtnbdVIRxghDy4aJWIilGtJ8JbQoFHGXXEMaVMH+lvM0U42iSy5sQnN8n/yUnWyVnu+Qc2cXyOhkiR1bIGtkkDtkhZXJAqqRGOLkmt+SePFg31p31aPWGrSPW18wS+QHr6ROANZ4r</latexit>

KCov > 0
<latexit sha1_base64="BJ3puh4Te0zQZ/md6KNCA2bwuoU=">AAACCXicbVC7SgNBFJ2N8RVfq5Y2gw9QkLBroZaRNJYKRoVkCbOTu8mQ2Qczd6Nh2dbGX7GxUMTWP7Dzb5xsLDTxwIXDOffO3Hv8RAqNjvNllWbKs3PzC4uVpeWV1TV7feNax6ni0OCxjNWtzzRIEUEDBUq4TRSw0Jdw4/frI/9mAEqLOLrCYQJeyLqRCARnaKS2TVsI91i8k931BEKe0aCd1eNBvn92WD/I2/aOU3UK0Gni/pCdWjkocNG2P1udmKchRMgl07rpOgl6GVMouIS80ko1JIz3WReahkYsBO1lxQY53TNKhwaxMhUhLdTfExkLtR6GvukMGfb0pDcS//OaKQanXiaiJEWI+PijIJUUYzqKhXaEAo5yaAjjSphdKe8xxTia8ComBHfy5GlyfVR1j6vupUljl4yxQLbINtknLjkhNXJOLkiDcPJAnsgLebUerWfrzXoft5asn5lN8gfWxzcxTZzO</latexit>

fCov(A,C)
<latexit sha1_base64="fav8SIIU7vDepK4M9LJc8JgioAY=">AAACBHicbVC7SgNBFJ31GeMraplmMApWYddC7QzYWFhEMA9IQpid3CRDZh/M3FXDksLGf9AfEMFCEVs/ws6/cXaTQhMPDBzOuWfuzHFDKTTa9rc1N7+wuLScWcmurq1vbOa2tqs6iBSHCg9koOou0yCFDxUUKKEeKmCeK6HmDs4Sv3YNSovAv8JhCC2P9XzRFZyhkdq5fBPhFtN74pu+QBjFtHlh8h02aucKdtFOQWeJMyGF0+eHBI/ldu6r2Ql45IGPXDKtG44dYitmCgWXMMo2Iw0h4wPWg4ahPvNAt+J0+YjuG6VDu4Eyx0eaqr8TMfO0HnqumfQY9vW0l4j/eY0IuyetWPhhhODz8aJuJCkGNGmEdoQCjnJoCONKmLdS3meKcTS9ZU0JzvSXZ0n1sOgcFZ1Lu1DaI2NkSJ7skgPikGNSIuekTCqEkzvyRF7Jm3VvvVjv1sd4dM6aZHbIH1ifP8R1nSo=</latexit>

⇤
<latexit sha1_base64="Ma+6AQ72h+p1+yWObAl9KfehQCM=">AAACDHicbVDLSgMxFM34rPVVdekmWAVXZUZEXUmhG5cV7APaoWTSO21o5kFyp1qG+QA3/oobF4q49QPc+Temj4W2Hggczjk3uTleLIVG2/62lpZXVtfWcxv5za3tnd3C3n5dR4niUOORjFTTYxqkCKGGAiU0YwUs8CQ0vEFl7DeGoLSIwjscxeAGrBcKX3CGRuoUim2EB5zck973BUKWtpmM+6yTVqJhdm1nlJqUXbInoIvEmZEimaHaKXy1uxFPAgiRS6Z1y7FjdFOmUHAJWb6daIgZH7AetAwNWQDaTSdLZPTEKF3qR8qcEOlE/T2RskDrUeCZZMCwr+e9sfif10rQv3JTEcYJQsinD/mJpBjRcTO0KxRwlCNDGFfC7Ep5nynG0fSXNyU4819eJPWzknNRcm7Pi+XjWR05ckiOyClxyCUpkxtSJTXCySN5Jq/kzXqyXqx362MaXbJmMwfkD6zPH5Kbm9E=</latexit>

↵Cov > 0



DECAY OF CORRELATIONS (COVARIANCE)
• Lattice 

• Hamiltonian                   , family of Hamiltonians

<latexit sha1_base64="z8uEKzYcLi5OONqfGhMjZC4t7I4=">AAACIHicbVDLSgMxFM3Ud32NunQTLIKrMiPFuizowoULBatip5ZM5rYNzTxI7qhlmE9x46+4caGI7vRrTMeCzwshh3Puubk5fiKFRsd5s0oTk1PTM7Nz5fmFxaVle2X1VMep4tDksYzVuc80SBFBEwVKOE8UsNCXcOYP9kb62RUoLeLoBIcJtEPWi0RXcIaG6th1D+EGiznZdV8g5Jl3aOwBo55OfQ34dYcM+76fXeSX+3nHrjhVpyj6F7hjUCHjOurYr14Q8zSECLlkWrdcJ8F2xhQKLiEve6mGhPEB60HLwIiFoNtZsVhONw0T0G6szImQFux3R8ZCrYehbzpHS+rf2oj8T2ul2N1tZyJKUoSIfz7UTSXFmI7SooFQwFEODWBcCbMr5X2mGEeTadmE4P7+8l9wul11d6ruca3SqI3jmCXrZINsEZfUSYMckCPSJJzcknvySJ6sO+vBerZePltL1tizRn6U9f4BG8mkuQ==</latexit>

⇤ ⇢⇢ ZD

<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

• Gibbs state
<latexit sha1_base64="larWhiHlZTCqqJzib90wKn65GHU="></latexit>

⇢⇤ :=
e��H⇤

Tr[e��H⇤ ]

<latexit sha1_base64="gIoq7RgRQidFWnhrFFjIl2tvTVQ=">AAACE3icbVDLSgMxFM3Ud32NunQTrIKIlBkRFURQu3HhooJVoS0lk97a0MyD5I5ahvkHN/6KGxeKuHXjzr8xHWeh1kMCh3Puvbk5XiSFRsf5tAojo2PjE5NTxemZ2bl5e2HxQoex4lDjoQzVlcc0SBFADQVKuIoUMN+TcOn1KgP/8gaUFmFwjv0Imj67DkRHcIZGatkbDYQ7zOYkt12BkCabtLGfnVMzps3oAT06rqSUtuySU3Yy0GHi5qREclRb9kejHfLYhwC5ZFrXXSfCZsIUCi4hLTZiDRHjPXYNdUMD5oNuJtkuKV0zSpt2QmVugDRTf3YkzNe673um0mfY1X+9gfifV4+xs9dMRBDFCAH/fqgTS4ohHQRE20IBR9k3hHElzK6Ud5liHE2MRROC+/fLw+Riq+zulN2z7dLhah7HJFkmK2SduGSXHJITUiU1wsk9eSTP5MV6sJ6sV+vtu7Rg5T1L5Bes9y9Tj5xi</latexit>

, ⇤ = ABC
<latexit sha1_base64="XqGaAHp/NJN94KrM4ahLOqEHk64="></latexit>

(H⇤)⇤⇢⇢ZD

Exponential decay covariance?

<latexit sha1_base64="Vxq/J24KP/016q6k0lp1xiNvp+4="></latexit>

Cov⇢⇤(A,C) = sup
kOAk=kOCk=1

|Tr[⇢⇤ OAOC ]� Tr[⇢⇤ OA]Tr[⇢
⇤
OC ]|  KCovfCov(A,C) e�↵Covd(A,C)

1D, translation-invariant Hamiltonian

Finite range

Short range

Infinite chain Finite chain

<latexit sha1_base64="EH5irfWFgU+rAQ5dSVAQFgjLbjE=">AAAB7nicbVDLSgNBEJyNr7g+EvXoZTEIegm7IupJAyJ4jGAekCxhdtKbDJmdXWZ6hbDkI7x4UMSr/+BfePMT/Asnj4MmFjQUVd10dwWJ4Bpd98vKLS2vrK7l1+2Nza3tQnFnt67jVDGosVjEqhlQDYJLqCFHAc1EAY0CAY1gcD32Gw+gNI/lPQ4T8CPakzzkjKKRGu0AkF66nWLJLbsTOIvEm5FSpfB9dWx/3FQ7xc92N2ZpBBKZoFq3PDdBP6MKORMwstuphoSyAe1By1BJI9B+Njl35BwapeuEsTIl0ZmovycyGmk9jALTGVHs63lvLP7ntVIML/yMyyRFkGy6KEyFg7Ez/t3pcgUMxdAQyhQ3tzqsTxVlaBKyTQje/MuLpH5S9s7K3p1J45RMkSf75IAcEY+ckwq5JVVSI4wMyCN5Ji9WYj1Zr9bbtDVnzWb2yB9Y7z9KwpHE</latexit>

� > 0
<latexit sha1_base64="EH5irfWFgU+rAQ5dSVAQFgjLbjE=">AAAB7nicbVDLSgNBEJyNr7g+EvXoZTEIegm7IupJAyJ4jGAekCxhdtKbDJmdXWZ6hbDkI7x4UMSr/+BfePMT/Asnj4MmFjQUVd10dwWJ4Bpd98vKLS2vrK7l1+2Nza3tQnFnt67jVDGosVjEqhlQDYJLqCFHAc1EAY0CAY1gcD32Gw+gNI/lPQ4T8CPakzzkjKKRGu0AkF66nWLJLbsTOIvEm5FSpfB9dWx/3FQ7xc92N2ZpBBKZoFq3PDdBP6MKORMwstuphoSyAe1By1BJI9B+Njl35BwapeuEsTIl0ZmovycyGmk9jALTGVHs63lvLP7ntVIML/yMyyRFkGy6KEyFg7Ez/t3pcgUMxdAQyhQ3tzqsTxVlaBKyTQje/MuLpH5S9s7K3p1J45RMkSf75IAcEY+ckwq5JVVSI4wMyCN5Ji9WYj1Zr9bbtDVnzWb2yB9Y7z9KwpHE</latexit>

� > 0
[Araki, ’69] [Bluhm, C.


Pérez-Hernández, ’22]

<latexit sha1_base64="UFRZ6wLX/Vwvkx2bkRWKLEFepNQ=">AAAB9HicbVDLSgMxFM3UVx0frbp0EyyCbsqMiLoQLIjgsoJ9QDuUTJppQzOZMblTKEO/w40LRdz6A/6FOz/BvzCddqGtB+7lcM695Ob4seAaHOfLyi0tr6yu5dftjc2t7UJxZ7euo0RRVqORiFTTJ5oJLlkNOAjWjBUjoS9Ywx9cT/zGkCnNI3kPo5h5IelJHnBKwEhe22dALrPecTvFklN2MuBF4s5IqVL4vjq2P26qneJnuxvRJGQSqCBat1wnBi8lCjgVbGy3E81iQgekx1qGShIy7aXZ0WN8aJQuDiJlSgLO1N8bKQm1HoW+mQwJ9PW8NxH/81oJBBdeymWcAJN0+lCQCAwRniSAu1wxCmJkCKGKm1sx7RNFKJicbBOCO//lRVI/KbtnZffOpHGKpsijfXSAjpCLzlEF3aIqqiGKHtAjekYv1tB6sl6tt+lozprt7KE/sN5/AMhtlFY=</latexit>

� < �1

<latexit sha1_base64="UFRZ6wLX/Vwvkx2bkRWKLEFepNQ=">AAAB9HicbVDLSgMxFM3UVx0frbp0EyyCbsqMiLoQLIjgsoJ9QDuUTJppQzOZMblTKEO/w40LRdz6A/6FOz/BvzCddqGtB+7lcM695Ob4seAaHOfLyi0tr6yu5dftjc2t7UJxZ7euo0RRVqORiFTTJ5oJLlkNOAjWjBUjoS9Ywx9cT/zGkCnNI3kPo5h5IelJHnBKwEhe22dALrPecTvFklN2MuBF4s5IqVL4vjq2P26qneJnuxvRJGQSqCBat1wnBi8lCjgVbGy3E81iQgekx1qGShIy7aXZ0WN8aJQuDiJlSgLO1N8bKQm1HoW+mQwJ9PW8NxH/81oJBBdeymWcAJN0+lCQCAwRniSAu1wxCmJkCKGKm1sx7RNFKJicbBOCO//lRVI/KbtnZffOpHGKpsijfXSAjpCLzlEF3aIqqiGKHtAjekYv1tB6sl6tt+lozprt7KE/sN5/AMhtlFY=</latexit>

� < �1

[Pérez-García,

Pérez-Hernández, ’23]


[C., Moscolari,

Teufel, Wessel, ’23]


High D, high-enough temperature

Finite range

Short range

for finite range, 

<latexit sha1_base64="w3AL+IgoL5KRf3nCcWYzqw+Nn9s=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAhiEXYlqIVFwMYygnlAEsLs5CYZMvtg5q4alq1t/BUbC0Vs/QI7/8bJJoUmHhjmcM69d+4cL5JCo+N8WwuLS8srq7m1/PrG5ta2vbNb02GsOFR5KEPV8JgGKQKookAJjUgB8z0JdW94Nfbrd6C0CINbHEXQ9lk/ED3BGRqpYx+0EB4wm5PcDwRCmrQ8QHZJs6tzknbsglN0MtB54k5JgUxR6dhfrW7IYx8C5JJp3XSdCNsJUyi4hDTfijVEjA9ZH5qGBswH3U6yFVJ6ZJQu7YXKnABppv7uSJiv9cj3TKXPcKBnvbH4n9eMsXfRTkQQxQgBnzzUiyXFkI5zoV2hgKMcGcK4EmZXygdMMY4mvbwJwZ398jypnRbds6J7UyqUS9M4cmSfHJJj4pJzUibXpEKqhJNH8kxeyZv1ZL1Y79bHpHTBmvbskT+wPn8AE3WbEw==</latexit>

� < �⇤

[Kliesch et al., ’14]

[Fröhlich-Ueltschi, ’15]

<latexit sha1_base64="4/TMdSmXCjAbyUoQmlXznNuwBz4=">AAACCnicbVDJSgNBEO2JW4xb1KOX0SBEkDAjQb0IkVw8RjALJCH0dGqSJj0L3TXRMMzZi7/ixYMiXv0Cb/6NneWgiQ8KHu9VdVc9JxRcoWV9G6ml5ZXVtfR6ZmNza3snu7tXU0EkGVRZIALZcKgCwX2oIkcBjVAC9RwBdWdQHvv1IUjFA/8ORyG0PdrzucsZRS11socthAecvBPf9zlCEruduBwMk/z1afnkyk462ZxVsCYwF4k9IzkyQ6WT/Wp1AxZ54CMTVKmmbYXYjqlEzgQkmVakIKRsQHvQ1NSnHqh2PFkhMY+10jXdQOry0Zyovydi6ik18hzd6VHsq3lvLP7nNSN0L9sx98MIwWfTj9xImBiY41zMLpfAUIw0oUxyvavJ+lRShjq9jA7Bnj95kdTOCvZ5wb4t5krFWRxpckCOSJ7Y5IKUyA2pkCph5JE8k1fyZjwZL8a78TFtTRmzmX3yB8bnD0+6mpI=</latexit>

fCov(A,C) = 1

<latexit sha1_base64="klAPhSnSAVqYpWmYry0Y/kT5/zw=">AAACH3icbVDLSgMxFM34rPU16tJNsAgtlDIjpboRWrpxZwX7gLaUTJppQzOTIckUyrR/4sZfceNCEXHXvzHTDqitBwIn59yb3HucgFGpLGtubGxube/spvbS+weHR8fmyWlD8lBgUseccdFykCSM+qSuqGKkFQiCPIeRpjOqxn5zTISk3H9Uk4B0PTTwqUsxUlrqmSW3F1X5eJat5Ks5eAs7HlJDjFh0P8tOOwESiiIGK9M8/LlVp7membEK1gJwndgJyYAEtZ751elzHHrEV5ghKdu2FahuFL+IGZmlO6EkAcIjNCBtTX3kEdmNFvvN4KVW+tDlQh9fwYX6uyNCnpQTz9GV8fhy1YvF/7x2qNybbkT9IFTEx8uP3JBBxWEcFuxTQbBiE00QFlTPCvEQCYSVjjStQ7BXV14njauCXSrYD8VMuZjEkQLn4AJkgQ2uQRncgRqoAwyewAt4A+/Gs/FqfBify9INI+k5A39gzL8Btoehgg==</latexit>

fCov(A,C) = O(|@A|, |@C|)

<latexit sha1_base64="u/9sCu0oBFeiDFeUrtMdaUSX6bk=">AAACC3icbVDLSsNAFJ34rPVVdelmaBFakJJIUTdCSzfurGAf0IYwmU7aoZNJmJkUSpK9G3/FjQtF3PoD7vwbp4+Fth64cDjnXu69xw0Zlco0v4219Y3Nre3MTnZ3b//gMHd03JJBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O6pP/faYCEkD/qAmIbF9NODUoxgpLTm5vOfE9WCcFmvn9RK8gT0fqSFGLL5Li0ktSepJyckVzLI5A1wl1oIUwAINJ/fV6wc48glXmCEpu5YZKjtGQlHMSJrtRZKECI/QgHQ15cgn0o5nv6TwTCt96AVCF1dwpv6eiJEv5cR3def0VLnsTcX/vG6kvGs7pjyMFOF4vsiLGFQBnAYD+1QQrNhEE4QF1bdCPEQCYaXjy+oQrOWXV0nromxdlq37SqFaWcSRAacgD4rAAlegCm5BAzQBBo/gGbyCN+PJeDHejY9565qxmDkBf2B8/gDQ9Zmc</latexit>

fCov(A,C) = O(|A||C|)

<latexit sha1_base64="bWbecnhWP7SRpi12IjyI2oZCft4=">AAACFXicbVBNS8NAEN3Ur1q/qh69LBbBg5REinoUvHisYFVoSthsJ+3SzSbsTtQQ+ie8+Fe8eFDEq+DNf+O25uDXg4HHezO7My9MpTDouh9OZWZ2bn6hulhbWl5ZXauvb1yYJNMcOjyRib4KmQEpFHRQoISrVAOLQwmX4ehk4l9egzYiUeeYp9CL2UCJSHCGVgrqez7CLU7fKW6GAmFc+CEgCzxfi8EQmdbJDfWFijAfB/WG23SnoH+JV5IGKdEO6u9+P+FZDAq5ZMZ0PTfFXsE0Ci5hXPMzAynjIzaArqWKxWB6xXSbMd2xSp9GibalkE7V7xMFi43J49B2xgyH5rc3Ef/zuhlGR71CqDRDUPzroyiTFBM6iYj2hQaOMreEcS3srpQPmWYcbZA1G4L3++S/5GK/6R00vbNW47hVxlElW2Sb7BKPHJJjckrapEM4uSMP5Ik8O/fOo/PivH61VpxyZpP8gPP2Ce1yoH8=</latexit>

�1 ! 1



(for              ,             and                  depending on the size of A and C, but uniform in    )


• Lattice 

• Hamiltonian                  , family of Hamiltonians


• Perturbation      ,  observable  

LOCAL PERTURBATIONS PERTURB LOCALLY (LPPL)
<latexit sha1_base64="z8uEKzYcLi5OONqfGhMjZC4t7I4=">AAACIHicbVDLSgMxFM3Ud32NunQTLIKrMiPFuizowoULBatip5ZM5rYNzTxI7qhlmE9x46+4caGI7vRrTMeCzwshh3Puubk5fiKFRsd5s0oTk1PTM7Nz5fmFxaVle2X1VMep4tDksYzVuc80SBFBEwVKOE8UsNCXcOYP9kb62RUoLeLoBIcJtEPWi0RXcIaG6th1D+EGiznZdV8g5Jl3aOwBo55OfQ34dYcM+76fXeSX+3nHrjhVpyj6F7hjUCHjOurYr14Q8zSECLlkWrdcJ8F2xhQKLiEve6mGhPEB60HLwIiFoNtZsVhONw0T0G6szImQFux3R8ZCrYehbzpHS+rf2oj8T2ul2N1tZyJKUoSIfz7UTSXFmI7SooFQwFEODWBcCbMr5X2mGEeTadmE4P7+8l9wul11d6ruca3SqI3jmCXrZINsEZfUSYMckCPSJJzcknvySJ6sO+vBerZePltL1tizRn6U9f4BG8mkuQ==</latexit>

⇤ ⇢⇢ ZD

<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

• Gibbs state
<latexit sha1_base64="larWhiHlZTCqqJzib90wKn65GHU="></latexit>

⇢⇤ :=
e��H⇤

Tr[e��H⇤ ]

<latexit sha1_base64="gIoq7RgRQidFWnhrFFjIl2tvTVQ=">AAACE3icbVDLSgMxFM3Ud32NunQTrIKIlBkRFURQu3HhooJVoS0lk97a0MyD5I5ahvkHN/6KGxeKuHXjzr8xHWeh1kMCh3Puvbk5XiSFRsf5tAojo2PjE5NTxemZ2bl5e2HxQoex4lDjoQzVlcc0SBFADQVKuIoUMN+TcOn1KgP/8gaUFmFwjv0Imj67DkRHcIZGatkbDYQ7zOYkt12BkCabtLGfnVMzps3oAT06rqSUtuySU3Yy0GHi5qREclRb9kejHfLYhwC5ZFrXXSfCZsIUCi4hLTZiDRHjPXYNdUMD5oNuJtkuKV0zSpt2QmVugDRTf3YkzNe673um0mfY1X+9gfifV4+xs9dMRBDFCAH/fqgTS4ohHQRE20IBR9k3hHElzK6Ud5liHE2MRROC+/fLw+Riq+zulN2z7dLhah7HJFkmK2SduGSXHJITUiU1wsk9eSTP5MV6sJ6sV+vtu7Rg5T1L5Bes9y9Tj5xi</latexit>

, ⇤ = ABC
<latexit sha1_base64="XqGaAHp/NJN94KrM4ahLOqEHk64="></latexit>

(H⇤)⇤⇢⇢ZD

Local Perturbations Perturb Locally (LPPL)


<latexit sha1_base64="8pJSqncxDwCSfEFNSCRVEzy/mI4=">AAACAHicbVC7SgNBFJ31GeMrapHCZjAKVmHXQu0MpLGMYB6QhDA7uUmGzD6YuauGZRt/xcZCESvBb7ASGz/BP7B08ig08cCFwzn3zp173FAKjbb9ac3NLywuLadW0qtr6xubma3tig4ixaHMAxmomss0SOFDGQVKqIUKmOdKqLr94tCvXoHSIvAvcRBC02NdX3QEZ2ikVibbQLjB0TvxdU8gJDGttIpJK5Oz8/YIdJY4E5I7+357+cgWv0qtzHujHfDIAx+5ZFrXHTvEZswUCi4hSTciDSHjfdaFuqE+80A349HihB4YpU07gTLlIx2pvydi5mk98FzT6THs6WlvKP7n1SPsnDZj4YcRgs/HizqRpBjQYRq0LRRwlANDGFfC/JXyHlOMo8ksbUJwpk+eJZWjvHOcdy7sXGGfjJEiu2SPHBKHnJACOSclUiacJOSOPJBH69a6t56s53HrnDWZ2SF/YL3+APlNm68=</latexit>

VC

<latexit sha1_base64="QxInmkoH81jiss0qITIb7yFU/Po=">AAACAHicbVC7SgNBFJ31GeMrapHCZjAKVmHXQu2MpLEzgnlAEsLs5CYZMvtg5q4alm38FRsLRawEv8FKbPwE/8DSyaPwdeDC4Zx75849biiFRtt+t6amZ2bn5lML6cWl5ZXVzNp6RQeR4lDmgQxUzWUapPChjAIl1EIFzHMlVN1+cehXL0BpEfjnOAih6bGuLzqCMzRSK5NtIFzh6J34sicQkpieto6TViZn5+0R6F/iTEju6PPl6S1b/Ci1Mq+NdsAjD3zkkmldd+wQmzFTKLiEJN2INISM91kX6ob6zAPdjEeLE7pjlDbtBMqUj3Skfp+Imaf1wHNNp8ewp397Q/E/rx5h57AZCz+MEHw+XtSJJMWADtOgbaGAoxwYwrgS5q+U95hiHE1maROC8/vkv6Syl3f2886ZnStskzFSZJNskV3ikANSICekRMqEk4TckDtyb11bt9aD9ThunbImMxvkB6znL+uSm6Y=</latexit>

OA

• Perturbed Gibbs state
<latexit sha1_base64="iaJ688yLX0dcy/EZEMm6k9NA1hY="></latexit>

e⇢⇤ :=
e��(H⇤+VC)

Tr[e��(H⇤+VC)]

<latexit sha1_base64="jaAftq+yUhHcJfdC/Nysk4q6iZk="></latexit>��TrABC(⇢
⇤
OA)� TrABC(e⇢⇤ OA)

��  KLPPLkOAkfLPPL(A,C) ec�kVCk e�↵LPPLd(A,C)

<latexit sha1_base64="fav8SIIU7vDepK4M9LJc8JgioAY=">AAACBHicbVC7SgNBFJ31GeMraplmMApWYddC7QzYWFhEMA9IQpid3CRDZh/M3FXDksLGf9AfEMFCEVs/ws6/cXaTQhMPDBzOuWfuzHFDKTTa9rc1N7+wuLScWcmurq1vbOa2tqs6iBSHCg9koOou0yCFDxUUKKEeKmCeK6HmDs4Sv3YNSovAv8JhCC2P9XzRFZyhkdq5fBPhFtN74pu+QBjFtHlh8h02aucKdtFOQWeJMyGF0+eHBI/ldu6r2Ql45IGPXDKtG44dYitmCgWXMMo2Iw0h4wPWg4ahPvNAt+J0+YjuG6VDu4Eyx0eaqr8TMfO0HnqumfQY9vW0l4j/eY0IuyetWPhhhODz8aJuJCkGNGmEdoQCjnJoCONKmLdS3meKcTS9ZU0JzvSXZ0n1sOgcFZ1Lu1DaI2NkSJ7skgPikGNSIuekTCqEkzvyRF7Jm3VvvVjv1sd4dM6aZHbIH1ifP8R1nSo=</latexit>

⇤
<latexit sha1_base64="pFIDiGEGpIiChclDD8ZYTc6df/c=">AAACCnicbVA9SwNBEN3zM8avU0ub1SgoSLizUMtIGosUEYwRkhD2NnNmyd4Hu3NqOK628a/YWChi6y+w89+4uVio8cHA472Z3ZnnxVJodJxPa2p6ZnZuvrBQXFxaXlm119YvdZQoDg0eyUhdeUyDFCE0UKCEq1gBCzwJTW9QHfnNG1BaROEFDmPoBOw6FL7gDI3UtbfaCHeYv5Pe9gVCllK/m9bq9Vq2d3pQ3c+6dskpOznoJHG/Saky4+eod+2Pdi/iSQAhcsm0brlOjJ2UKRRcQlZsJxpixgfsGlqGhiwA3UnzFTK6a5Qe9SNlKkSaqz8nUhZoPQw80xkw7Ou/3kj8z2sl6J90UhHGCULIxx/5iaQY0VEutCcUcJRDQxhXwuxKeZ8pxtGkVzQhuH9PniSXh2X3qOyemzR2yBgFskm2yR5xyTGpkDNSJw3CyT15JM/kxXqwnqxX623cOmV9z2yQX7DevwB5UZzo</latexit>

fLPPL(A,C)
<latexit sha1_base64="pTYEAJcFoiLq/l+/mnAVYtIE5yk=">AAACB3icbVC7SgNBFJ31GeMramEhyGAUrMKuhVppII1giggmEZIQZic3Zsjsg5m7ali2s/FXbCwUtbW3Ehs/wT+wdJJY+Dpw4XDOvXPnHjeUQqNtv1kjo2PjE5OpqfT0zOzcfGZhsaKDSHEo80AG6sRlGqTwoYwCJZyECpjnSqi63ULfr56B0iLwj7EXQsNjp75oC87QSM3Mah3hAgfvxOcdgZDE9LAZF0ulYrJnJ81M1s7ZA9C/xPki2f2P54fX5cJ7qZl5qbcCHnngI5dM65pjh9iImULBJSTpeqQhZLzLTqFmqM880I14sD+hG0Zp0XagTPlIB+r3iZh5Wvc813R6DDv6t9cX//NqEbZ3G7HwwwjB58NF7UhSDGg/FNoSCjjKniGMK2H+SnmHKcbRRJc2ITi/T/5LKls5ZzvnHNnZ/DoZIkVWyBrZJA7ZIXlyQEqkTDi5JNfkltxZV9aNdW89DltHrK+ZJfID1tMnx+ieRQ==</latexit>

KLPPL > 0

LPPL is frequently used for locality of ground states 
[Bachmann et al., ’11] [de Roeck, Schütz, ’15] [Henheik et al., ’22]

<latexit sha1_base64="KIIeAOxLvWc1f674om1JpKUTFJ0=">AAACDXicbVC7SgNBFJ2NrxhfUUubwUSwCrsiaiUBG4sUEcwDkhBmJzfJkNkHM3fVsOwP2PgrNhaK2Nrb+TdOki008cCFwzn3ztx73FAKjbb9bWWWlldW17LruY3Nre2d/O5eXQeR4lDjgQxU02UapPChhgIlNEMFzHMlNNzR1cRv3IHSIvBvcRxCx2MDX/QFZ2ikbr7YRnjA6Tvx/VAgJHGbyXDIunGlWq0kl3ZCaTdfsEv2FHSROCkpkBTVbv6r3Qt45IGPXDKtW44dYidmCgWXkOTakYaQ8REbQMtQn3mgO/F0i4QeGaVH+4Ey5SOdqr8nYuZpPfZc0+kxHOp5byL+57Ui7F90YuGHEYLPZx/1I0kxoJNoaE8o4CjHhjCuhNmV8iFTjKMJMGdCcOZPXiT1k5JzVnJuTgvlYhpHlhyQQ3JMHHJOyuSaVEmNcPJInskrebOerBfr3fqYtWasdGaf/IH1+QPccZvr</latexit>

↵LPPL > 0



(for             ,            and                depending on the size of A and C, but uniform in    )


• Lattice 

• Hamiltonian                  , family of Hamiltonians

LOCAL INDISTINGUISHABILITY

<latexit sha1_base64="z8uEKzYcLi5OONqfGhMjZC4t7I4=">AAACIHicbVDLSgMxFM3Ud32NunQTLIKrMiPFuizowoULBatip5ZM5rYNzTxI7qhlmE9x46+4caGI7vRrTMeCzwshh3Puubk5fiKFRsd5s0oTk1PTM7Nz5fmFxaVle2X1VMep4tDksYzVuc80SBFBEwVKOE8UsNCXcOYP9kb62RUoLeLoBIcJtEPWi0RXcIaG6th1D+EGiznZdV8g5Jl3aOwBo55OfQ34dYcM+76fXeSX+3nHrjhVpyj6F7hjUCHjOurYr14Q8zSECLlkWrdcJ8F2xhQKLiEve6mGhPEB60HLwIiFoNtZsVhONw0T0G6szImQFux3R8ZCrYehbzpHS+rf2oj8T2ul2N1tZyJKUoSIfz7UTSXFmI7SooFQwFEODWBcCbMr5X2mGEeTadmE4P7+8l9wul11d6ruca3SqI3jmCXrZINsEZfUSYMckCPSJJzcknvySJ6sO+vBerZePltL1tizRn6U9f4BG8mkuQ==</latexit>

⇤ ⇢⇢ ZD

<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

• Gibbs state
<latexit sha1_base64="larWhiHlZTCqqJzib90wKn65GHU="></latexit>

⇢⇤ :=
e��H⇤

Tr[e��H⇤ ]

<latexit sha1_base64="gIoq7RgRQidFWnhrFFjIl2tvTVQ=">AAACE3icbVDLSgMxFM3Ud32NunQTrIKIlBkRFURQu3HhooJVoS0lk97a0MyD5I5ahvkHN/6KGxeKuHXjzr8xHWeh1kMCh3Puvbk5XiSFRsf5tAojo2PjE5NTxemZ2bl5e2HxQoex4lDjoQzVlcc0SBFADQVKuIoUMN+TcOn1KgP/8gaUFmFwjv0Imj67DkRHcIZGatkbDYQ7zOYkt12BkCabtLGfnVMzps3oAT06rqSUtuySU3Yy0GHi5qREclRb9kejHfLYhwC5ZFrXXSfCZsIUCi4hLTZiDRHjPXYNdUMD5oNuJtkuKV0zSpt2QmVugDRTf3YkzNe673um0mfY1X+9gfifV4+xs9dMRBDFCAH/fqgTS4ohHQRE20IBR9k3hHElzK6Ud5liHE2MRROC+/fLw+Riq+zulN2z7dLhah7HJFkmK2SduGSXHJITUiU1wsk9eSTP5MV6sJ6sV+vtu7Rg5T1L5Bes9y9Tj5xi</latexit>

, ⇤ = ABC
<latexit sha1_base64="XqGaAHp/NJN94KrM4ahLOqEHk64="></latexit>

(H⇤)⇤⇢⇢ZD

Local indistinguishability


<latexit sha1_base64="fav8SIIU7vDepK4M9LJc8JgioAY=">AAACBHicbVC7SgNBFJ31GeMraplmMApWYddC7QzYWFhEMA9IQpid3CRDZh/M3FXDksLGf9AfEMFCEVs/ws6/cXaTQhMPDBzOuWfuzHFDKTTa9rc1N7+wuLScWcmurq1vbOa2tqs6iBSHCg9koOou0yCFDxUUKKEeKmCeK6HmDs4Sv3YNSovAv8JhCC2P9XzRFZyhkdq5fBPhFtN74pu+QBjFtHlh8h02aucKdtFOQWeJMyGF0+eHBI/ldu6r2Ql45IGPXDKtG44dYitmCgWXMMo2Iw0h4wPWg4ahPvNAt+J0+YjuG6VDu4Eyx0eaqr8TMfO0HnqumfQY9vW0l4j/eY0IuyetWPhhhODz8aJuJCkGNGmEdoQCjnJoCONKmLdS3meKcTS9ZU0JzvSXZ0n1sOgcFZ1Lu1DaI2NkSJ7skgPikGNSIuekTCqEkzvyRF7Jm3VvvVjv1sd4dM6aZHbIH1ifP8R1nSo=</latexit>

⇤

Previously used in                              for efficient preparation of Gibbs states
[Brandao-Kastoryano, ’19]

<latexit sha1_base64="RyftcpSdcGhj1NgFYpC9Ycj37NE="></latexit>��TrABC(⇢
⇤
OA)� TrAB(⇢

AB
OA)

��  KLIkOAkfLI(A,C) e�↵LId(A,C)

• Gibbs state 

   (of truncated Hamiltonian)

<latexit sha1_base64="pJURahryYMIZ3aRXDrhpQ4sTMf4="></latexit>

⇢AB :=
e��HAB

Tr[e��HAB ]

<latexit sha1_base64="IR+V82kJW3mJsu9gxtk5s/bhONM=">AAACBXicbVC7SgNBFJ2N7/iKWlhoMRgFq7BroVYqpFG0iGBUSEKYndwkQ2YfzNxVw7KNjb9iY6GIlv6Aldj4Cf6BpZPEQhMPXDicc+/cuccNpdBo2x9Wamh4ZHRsfCI9OTU9M5uZmz/VQaQ4FHkgA3XuMg1S+FBEgRLOQwXMcyWcua18xz+7AKVF4J9gO4SKxxq+qAvO0EjVzHIZ4Qq778SXTYGQxPSwGh8dJDt2Us1k7ZzdBR0kzg/J7n69Pr8v5j8L1cxbuRbwyAMfuWRalxw7xErMFAouIUmXIw0h4y3WgJKhPvNAV+Lu9oSuGaVG64Ey5SPtqr8nYuZp3fZc0+kxbOp+ryP+55UirG9XYuGHEYLPe4vqkaQY0E4ktCYUcJRtQxhXwvyV8iZTjKMJLm1CcPpPHiSnGzlnM+cc29m9VdLDOFkiK2SdOGSL7JF9UiBFwsk1uSX35MG6se6sR+up15qyfmYWyB9YL99wE52O</latexit>

KLI > 0
<latexit sha1_base64="Y8X/7dCJNu3yHOC43n59bW16gLw=">AAACCHicbVA9SwNBEN2LUWP8ilpauBgFBQl3FmqppFGwiGASIQlhbzNnFvc+2J1Tw3GljX/FxkIRW3+Cnf/GzSWFGh8MPN6b2Z15biSFRtv+snJT+emZ2cJccX5hcWm5tLLa0GGsONR5KEN15TINUgRQR4ESriIFzHclNN2b6tBv3oLSIgwucRBBx2fXgfAEZ2ikbmmjjXCP2TvJXV8gpAn1usn5WbpzslfdTbulsl2xM9BJ4oxJ+TjvZah1S5/tXshjHwLkkmndcuwIOwlTKLiEtNiONUSM37BraBkaMB90J8kWSOm2UXrUC5WpAGmm/pxImK/1wHdNp8+wr/96Q/E/rxWjd9RJRBDFCAEffeTFkmJIh6nQnlDAUQ4MYVwJsyvlfaYYR5Nd0YTg/D15kjT2K85BxbkwaWyREQpknWySHeKQQ3JMTkmN1AknD+SJvJBX69F6tt6s91FrzhrPrJFfsD6+AR9RnDE=</latexit>

fLI(A,C)

Also used in                           
[Bluhm, C., Pérez-Hernández, ’22]
 [Onorati et al., ’23]


<latexit sha1_base64="t/sn1swZNPyHa1tkTDgNoKHu37U=">AAACC3icbVC7SgNBFJ2NrxhfUUubIVGwCrsiaiUBGwWLCOYBSQizk5tkyOyDmbtqWLa38VdsLBSx9Qfs/BsnmxSaeODC4Zx7Z+49biiFRtv+tjILi0vLK9nV3Nr6xuZWfnunpoNIcajyQAaq4TINUvhQRYESGqEC5rkS6u7wYuzX70BpEfi3OAqh7bG+L3qCMzRSJ19oITxg+k58PxAISdxiMhywTnx9lZzbCaWdfNEu2SnoPHGmpEimqHTyX61uwCMPfOSSad107BDbMVMouIQk14o0hIwPWR+ahvrMA92O0x0SemCULu0FypSPNFV/T8TM03rkuabTYzjQs95Y/M9rRtg7a8fCDyMEn08+6kWSYkDHwdCuUMBRjgxhXAmzK+UDphhHE1/OhODMnjxPakcl56Tk3BwXy/vTOLJkjxTIIXHIKSmTS1IhVcLJI3kmr+TNerJerHfrY9KasaYzu+QPrM8ff1CbNA==</latexit>

↵LI > 0



CONNECTIONS IN HIGH DIMENSION

Exponential decay covariance


Local Perturbations Perturb Locally (LPPL)

<latexit sha1_base64="A4AElKD168NPRtO+ojNck9j5X+E="></latexit>��TrABC(⇢

⇤
OA)� TrABC(e⇢⇤ OA)

��
<latexit sha1_base64="s6UomwAZN2C4vLIpVIxCH8IPLQY="></latexit>

 KLPPLkOAkfLPPL(A,C) ec�kVCk e�↵LPPLd(A,C)

<latexit sha1_base64="DrGC2hiTEX1Lqx1BKj4uQl/EWCE="></latexit>

Cov⇢⇤(A,C)  KCovfCov(A,C) e�↵Covd(A,C)

In [C., Moscolari, Teufel, Wessel, ’23], for short-range interactions:

Local indistinguishability

<latexit sha1_base64="D8Hae5HeFMaeozi/wJsFoVsks7o="></latexit>��TrABC(⇢

⇤
OA)� TrAB(⇢

AB
OA)

��
<latexit sha1_base64="mDhapaZIeXhtDxLyKJEN57J3CNI="></latexit>

 KLIkOAkfLI(A,C) e�↵LId(A,C)

Previous result: In [Brandao-Kastoryano, ’19]    exponential decay of covariance implies local indistinguishability for finite-range interactions



CONNECTIONS IN HIGH DIMENSION

Exponential decay covariance


Local Perturbations Perturb Locally (LPPL)

<latexit sha1_base64="A4AElKD168NPRtO+ojNck9j5X+E="></latexit>��TrABC(⇢

⇤
OA)� TrABC(e⇢⇤ OA)

��
<latexit sha1_base64="s6UomwAZN2C4vLIpVIxCH8IPLQY="></latexit>

 KLPPLkOAkfLPPL(A,C) ec�kVCk e�↵LPPLd(A,C)

<latexit sha1_base64="DrGC2hiTEX1Lqx1BKj4uQl/EWCE="></latexit>

Cov⇢⇤(A,C)  KCovfCov(A,C) e�↵Covd(A,C)

In [C., Moscolari, Teufel, Wessel, ’23], for short-range interactions:

Local indistinguishability

<latexit sha1_base64="D8Hae5HeFMaeozi/wJsFoVsks7o="></latexit>��TrABC(⇢

⇤
OA)� TrAB(⇢

AB
OA)

��
<latexit sha1_base64="mDhapaZIeXhtDxLyKJEN57J3CNI="></latexit>

 KLIkOAkfLI(A,C) e�↵LId(A,C)

High dimension

<latexit sha1_base64="bx0W2Aboo4wtFDQUY33th06NMWU=">AAAB+HicdVDLSsNAFJ3UV63VRl26GayCuAiJ4KMgWHDjsoJ9SBvCZDpph04mYWYi1NIvceNCEbd+ijsXfoD+hE5SEZ8HLvdwzr3MnePHjEpl209Gbmp6ZnYuP19YKC4ulczllYaMEoFJHUcsEi0fScIoJ3VFFSOtWBAU+ow0/cFx6jcviJA04mdqGBM3RD1OA4qR0pJnljo+UQgewqx7255Ztq1Kil3oWHaG36R89PZSeX0+L9Y887HTjXASEq4wQ1K2HTtW7ggJRTEj40InkSRGeIB6pK0pRyGR7ig7fAw3tdKFQSR0cQUz9evGCIVSDkNfT4ZI9eVPLxX/8tqJCg7cEeVxogjHk4eChEEVwTQF2KWCYMWGmiAsqL4V4j4SCCudVUGH8P/fP0ljx3L2LOfULlc3wAR5sAbWwRZwwD6oghNQA3WAQQKuwA24NS6Na+POuJ+M5oyPnVXwDcbDO7o4lto=</latexit>

� < �⇤

[Fröhlich-Ueltschi, ’15] short-range

[Kliesch et al., ’14] finite-range



CONNECTIONS IN 1D, TRANSLATION-INVARIANT

Exponential decay covariance (finite chain)


Local Perturbations Perturb Locally (LPPL)

<latexit sha1_base64="A4AElKD168NPRtO+ojNck9j5X+E="></latexit>��TrABC(⇢

⇤
OA)� TrABC(e⇢⇤ OA)

��

[C., Moscolari, Teufel, Wessel, ’23]

Local indistinguishability

<latexit sha1_base64="D8Hae5HeFMaeozi/wJsFoVsks7o="></latexit>��TrABC(⇢

⇤
OA)� TrAB(⇢

AB
OA)

��

1D, translation-invariant


[Pérez-García, Pérez-Hernández ’23] short-range[Araki, ’69] finite-range

Exponential decay covariance (infinite chain)


[C., Moscolari, Teufel, Wessel, ’23] short-range[Bluhm, C., Pérez-Hernández, ’22] finite-range

for finite range, 
<latexit sha1_base64="XphYGrXSAYRee0NyvdWOP0YgdvE=">AAAB+HicdVDLSsNAFJ34rLXaqEs3g1VwFRLBR0Gw4MZlBfuQNoTJdNIOnUzCzESooV/ixoUibv0Udy78AP0JnaQiPg9c7uGce5k7x48Zlcq2n4yp6ZnZufnCQnGxtLRcNldWmzJKBCYNHLFItH0kCaOcNBRVjLRjQVDoM9Lyh8eZ37ogQtKIn6lRTNwQ9TkNKEZKS55Z7vpEIXgI8+45nlmxrWqGXehYdo7fpHL09lJ9fT4v1T3zsduLcBISrjBDUnYcO1ZuioSimJFxsZtIEiM8RH3S0ZSjkEg3zQ8fwy2t9GAQCV1cwVz9upGiUMpR6OvJEKmB/Oll4l9eJ1HBgZtSHieKcDx5KEgYVBHMUoA9KghWbKQJwoLqWyEeIIGw0lkVdQj///2TNHcsZ89yTu1KbRNMUADrYANsAwfsgxo4AXXQABgk4ArcgFvj0rg27oz7yeiU8bGzBr7BeHgHxNSW4Q==</latexit>

� < �1

<latexit sha1_base64="3hZ/bOuZU2rbgudmsPgvFfsh/yA="></latexit>

Cov⇢⇤(A,C)  KCov e
�↵Covd(A,C)

<latexit sha1_base64="3hZ/bOuZU2rbgudmsPgvFfsh/yA="></latexit>

Cov⇢⇤(A,C)  KCov e
�↵Covd(A,C)

<latexit sha1_base64="J0HSjZtmRO3+uzpIcchI/8bWk4k="></latexit>

 KLPPLkOAk e3�kVCk e�↵LPPLd(A,C)
<latexit sha1_base64="BeFERmaNy4QJhEa0uXp1+/dhf9I="></latexit>

 KLIkOAk e�↵LId(A,C)

<latexit sha1_base64="bWbecnhWP7SRpi12IjyI2oZCft4=">AAACFXicbVBNS8NAEN3Ur1q/qh69LBbBg5REinoUvHisYFVoSthsJ+3SzSbsTtQQ+ie8+Fe8eFDEq+DNf+O25uDXg4HHezO7My9MpTDouh9OZWZ2bn6hulhbWl5ZXauvb1yYJNMcOjyRib4KmQEpFHRQoISrVAOLQwmX4ehk4l9egzYiUeeYp9CL2UCJSHCGVgrqez7CLU7fKW6GAmFc+CEgCzxfi8EQmdbJDfWFijAfB/WG23SnoH+JV5IGKdEO6u9+P+FZDAq5ZMZ0PTfFXsE0Ci5hXPMzAynjIzaArqWKxWB6xXSbMd2xSp9GibalkE7V7xMFi43J49B2xgyH5rc3Ef/zuhlGR71CqDRDUPzroyiTFBM6iYj2hQaOMreEcS3srpQPmWYcbZA1G4L3++S/5GK/6R00vbNW47hVxlElW2Sb7BKPHJJjckrapEM4uSMP5Ik8O/fOo/PivH61VpxyZpP8gPP2Ce1yoH8=</latexit>

�1 ! 1



PROOF IN HIGH DIMENSION

Exponential decay covariance


Local Perturbations Perturb Locally (LPPL)

<latexit sha1_base64="A4AElKD168NPRtO+ojNck9j5X+E="></latexit>��TrABC(⇢

⇤
OA)� TrABC(e⇢⇤ OA)

��
<latexit sha1_base64="s6UomwAZN2C4vLIpVIxCH8IPLQY="></latexit>

 KLPPLkOAkfLPPL(A,C) ec�kVCk e�↵LPPLd(A,C)

<latexit sha1_base64="DrGC2hiTEX1Lqx1BKj4uQl/EWCE="></latexit>

Cov⇢⇤(A,C)  KCovfCov(A,C) e�↵Covd(A,C)

Main ingredients:

• Quantum Belief Propagation (QBP) [Hastings, ’07], [Kim, ’12] and many more


• Lieb-Robinson bounds [Lieb-Robinson, ’72]




PROOF IN HIGH DIMENSION

Exponential decay covariance


Local Perturbations Perturb Locally (LPPL)

<latexit sha1_base64="A4AElKD168NPRtO+ojNck9j5X+E="></latexit>��TrABC(⇢

⇤
OA)� TrABC(e⇢⇤ OA)

��
<latexit sha1_base64="s6UomwAZN2C4vLIpVIxCH8IPLQY="></latexit>

 KLPPLkOAkfLPPL(A,C) ec�kVCk e�↵LPPLd(A,C)

<latexit sha1_base64="DrGC2hiTEX1Lqx1BKj4uQl/EWCE="></latexit>

Cov⇢⇤(A,C)  KCovfCov(A,C) e�↵Covd(A,C)

Main ingredients:

• Quantum Belief Propagation (QBP) [Hastings, ’07], [Kim, ’12] and many more

• Lieb-Robinson bounds [Lieb-Robinson, ’72]

• Site-by-site removal [Brandao-Kastoryano, ’19]

Local indistinguishability

<latexit sha1_base64="D8Hae5HeFMaeozi/wJsFoVsks7o="></latexit>��TrABC(⇢

⇤
OA)� TrAB(⇢

AB
OA)

��
<latexit sha1_base64="mDhapaZIeXhtDxLyKJEN57J3CNI="></latexit>

 KLIkOAkfLI(A,C) e�↵LId(A,C)



PROOF IN HIGH DIMENSION

Exponential decay covariance


Local Perturbations Perturb Locally (LPPL)

<latexit sha1_base64="A4AElKD168NPRtO+ojNck9j5X+E="></latexit>��TrABC(⇢

⇤
OA)� TrABC(e⇢⇤ OA)

��
<latexit sha1_base64="s6UomwAZN2C4vLIpVIxCH8IPLQY="></latexit>

 KLPPLkOAkfLPPL(A,C) ec�kVCk e�↵LPPLd(A,C)

<latexit sha1_base64="DrGC2hiTEX1Lqx1BKj4uQl/EWCE="></latexit>

Cov⇢⇤(A,C)  KCovfCov(A,C) e�↵Covd(A,C)

Local indistinguishability

<latexit sha1_base64="D8Hae5HeFMaeozi/wJsFoVsks7o="></latexit>��TrABC(⇢

⇤
OA)� TrAB(⇢

AB
OA)

��
<latexit sha1_base64="mDhapaZIeXhtDxLyKJEN57J3CNI="></latexit>

 KLIkOAkfLI(A,C) e�↵LId(A,C)

Main ingredients:

• Quantum Belief Propagation (QBP) [Hastings, ’07], [Kim, ’12] and many more

• Lieb-Robinson bounds [Lieb-Robinson, ’72]

• Site-by-site removal [Brandao-Kastoryano, ’19]



QUANTUM BELIEF PROPAGATION

• Lattice 

• Hamiltonian                  , perturbation

<latexit sha1_base64="z8uEKzYcLi5OONqfGhMjZC4t7I4=">AAACIHicbVDLSgMxFM3Ud32NunQTLIKrMiPFuizowoULBatip5ZM5rYNzTxI7qhlmE9x46+4caGI7vRrTMeCzwshh3Puubk5fiKFRsd5s0oTk1PTM7Nz5fmFxaVle2X1VMep4tDksYzVuc80SBFBEwVKOE8UsNCXcOYP9kb62RUoLeLoBIcJtEPWi0RXcIaG6th1D+EGiznZdV8g5Jl3aOwBo55OfQ34dYcM+76fXeSX+3nHrjhVpyj6F7hjUCHjOurYr14Q8zSECLlkWrdcJ8F2xhQKLiEve6mGhPEB60HLwIiFoNtZsVhONw0T0G6szImQFux3R8ZCrYehbzpHS+rf2oj8T2ul2N1tZyJKUoSIfz7UTSXFmI7SooFQwFEODWBcCbMr5X2mGEeTadmE4P7+8l9wul11d6ruca3SqI3jmCXrZINsEZfUSYMckCPSJJzcknvySJ6sO+vBerZePltL1tizRn6U9f4BG8mkuQ==</latexit>

⇤ ⇢⇢ ZD

<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

<latexit sha1_base64="gIoq7RgRQidFWnhrFFjIl2tvTVQ=">AAACE3icbVDLSgMxFM3Ud32NunQTrIKIlBkRFURQu3HhooJVoS0lk97a0MyD5I5ahvkHN/6KGxeKuHXjzr8xHWeh1kMCh3Puvbk5XiSFRsf5tAojo2PjE5NTxemZ2bl5e2HxQoex4lDjoQzVlcc0SBFADQVKuIoUMN+TcOn1KgP/8gaUFmFwjv0Imj67DkRHcIZGatkbDYQ7zOYkt12BkCabtLGfnVMzps3oAT06rqSUtuySU3Yy0GHi5qREclRb9kejHfLYhwC5ZFrXXSfCZsIUCi4hLTZiDRHjPXYNdUMD5oNuJtkuKV0zSpt2QmVugDRTf3YkzNe673um0mfY1X+9gfifV4+xs9dMRBDFCAH/fqgTS4ohHQRE20IBR9k3hHElzK6Ud5liHE2MRROC+/fLw+Riq+zulN2z7dLhah7HJFkmK2SduGSXHJITUiU1wsk9eSTP5MV6sJ6sV+vtu7Rg5T1L5Bes9y9Tj5xi</latexit>

, ⇤ = ABC
<latexit sha1_base64="8pJSqncxDwCSfEFNSCRVEzy/mI4=">AAACAHicbVC7SgNBFJ31GeMrapHCZjAKVmHXQu0MpLGMYB6QhDA7uUmGzD6YuauGZRt/xcZCESvBb7ASGz/BP7B08ig08cCFwzn3zp173FAKjbb9ac3NLywuLadW0qtr6xubma3tig4ixaHMAxmomss0SOFDGQVKqIUKmOdKqLr94tCvXoHSIvAvcRBC02NdX3QEZ2ikVibbQLjB0TvxdU8gJDGttIpJK5Oz8/YIdJY4E5I7+357+cgWv0qtzHujHfDIAx+5ZFrXHTvEZswUCi4hSTciDSHjfdaFuqE+80A349HihB4YpU07gTLlIx2pvydi5mk98FzT6THs6WlvKP7n1SPsnDZj4YcRgs/HizqRpBjQYRq0LRRwlANDGFfC/JXyHlOMo8ksbUJwpk+eJZWjvHOcdy7sXGGfjJEiu2SPHBKHnJACOSclUiacJOSOPJBH69a6t56s53HrnDWZ2SF/YL3+APlNm68=</latexit>

VC

Quantum Belief Propagation

<latexit sha1_base64="dxQNydfs/1Su0t/n+vCjI8Tn+V4="></latexit>

e��(H⇤+VC) = ⌘(VC)e
��H⇤⌘(VC)

⇤

<latexit sha1_base64="mkrH+z4IzfnIURmT9G+he7MrDx0="></latexit>

⌘(V ) =
1X

m=0

✓
��

2

◆m Z 1

0
ds1

Z s1

0
ds2 . . .

Z sm�1

0
dsm fsn(V ) · . . . · fs1(V )

<latexit sha1_base64="HlBfwuMP6Y6pjW/DYHbEZPqfCjA="></latexit>

fs

H
(V ) :=

Z

R
dt f�(t) e

�iH(s)tV eiH(s)twith for



QUANTUM BELIEF PROPAGATION

• Lattice 

• Hamiltonian                  , perturbation

<latexit sha1_base64="z8uEKzYcLi5OONqfGhMjZC4t7I4=">AAACIHicbVDLSgMxFM3Ud32NunQTLIKrMiPFuizowoULBatip5ZM5rYNzTxI7qhlmE9x46+4caGI7vRrTMeCzwshh3Puubk5fiKFRsd5s0oTk1PTM7Nz5fmFxaVle2X1VMep4tDksYzVuc80SBFBEwVKOE8UsNCXcOYP9kb62RUoLeLoBIcJtEPWi0RXcIaG6th1D+EGiznZdV8g5Jl3aOwBo55OfQ34dYcM+76fXeSX+3nHrjhVpyj6F7hjUCHjOurYr14Q8zSECLlkWrdcJ8F2xhQKLiEve6mGhPEB60HLwIiFoNtZsVhONw0T0G6szImQFux3R8ZCrYehbzpHS+rf2oj8T2ul2N1tZyJKUoSIfz7UTSXFmI7SooFQwFEODWBcCbMr5X2mGEeTadmE4P7+8l9wul11d6ruca3SqI3jmCXrZINsEZfUSYMckCPSJJzcknvySJ6sO+vBerZePltL1tizRn6U9f4BG8mkuQ==</latexit>

⇤ ⇢⇢ ZD

<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

<latexit sha1_base64="gIoq7RgRQidFWnhrFFjIl2tvTVQ=">AAACE3icbVDLSgMxFM3Ud32NunQTrIKIlBkRFURQu3HhooJVoS0lk97a0MyD5I5ahvkHN/6KGxeKuHXjzr8xHWeh1kMCh3Puvbk5XiSFRsf5tAojo2PjE5NTxemZ2bl5e2HxQoex4lDjoQzVlcc0SBFADQVKuIoUMN+TcOn1KgP/8gaUFmFwjv0Imj67DkRHcIZGatkbDYQ7zOYkt12BkCabtLGfnVMzps3oAT06rqSUtuySU3Yy0GHi5qREclRb9kejHfLYhwC5ZFrXXSfCZsIUCi4hLTZiDRHjPXYNdUMD5oNuJtkuKV0zSpt2QmVugDRTf3YkzNe673um0mfY1X+9gfifV4+xs9dMRBDFCAH/fqgTS4ohHQRE20IBR9k3hHElzK6Ud5liHE2MRROC+/fLw+Riq+zulN2z7dLhah7HJFkmK2SduGSXHJITUiU1wsk9eSTP5MV6sJ6sV+vtu7Rg5T1L5Bes9y9Tj5xi</latexit>

, ⇤ = ABC
<latexit sha1_base64="8pJSqncxDwCSfEFNSCRVEzy/mI4=">AAACAHicbVC7SgNBFJ31GeMrapHCZjAKVmHXQu0MpLGMYB6QhDA7uUmGzD6YuauGZRt/xcZCESvBb7ASGz/BP7B08ig08cCFwzn3zp173FAKjbb9ac3NLywuLadW0qtr6xubma3tig4ixaHMAxmomss0SOFDGQVKqIUKmOdKqLr94tCvXoHSIvAvcRBC02NdX3QEZ2ikVibbQLjB0TvxdU8gJDGttIpJK5Oz8/YIdJY4E5I7+357+cgWv0qtzHujHfDIAx+5ZFrXHTvEZswUCi4hSTciDSHjfdaFuqE+80A349HihB4YpU07gTLlIx2pvydi5mk98FzT6THs6WlvKP7n1SPsnDZj4YcRgs/HizqRpBjQYRq0LRRwlANDGFfC/JXyHlOMo8ksbUJwpk+eJZWjvHOcdy7sXGGfjJEiu2SPHBKHnJACOSclUiacJOSOPJBH69a6t56s53HrnDWZ2SF/YL3+APlNm68=</latexit>

VC

Quantum Belief Propagation

<latexit sha1_base64="dxQNydfs/1Su0t/n+vCjI8Tn+V4="></latexit>

e��(H⇤+VC) = ⌘(VC)e
��H⇤⌘(VC)

⇤

<latexit sha1_base64="mkrH+z4IzfnIURmT9G+he7MrDx0="></latexit>

⌘(V ) =
1X

m=0

✓
��

2

◆m Z 1

0
ds1

Z s1

0
ds2 . . .

Z sm�1

0
dsm fsn(V ) · . . . · fs1(V )

<latexit sha1_base64="HlBfwuMP6Y6pjW/DYHbEZPqfCjA="></latexit>

fs

H
(V ) :=

Z

R
dt f�(t) e

�iH(s)tV eiH(s)twith for

Quantum Belief Propagation for short-range interactions [C., Moscolari, Teufel, Wessel, ’23]

Path of Hamiltonians
<latexit sha1_base64="8GwBZkUFAi2vL2wLXsS4042KrJg=">AAACHHicbVDLSgMxFM3UV62vUZduglWoCGVGRUUQBDcuXCjYKnTKkElvbWjmQXJHLUM/xI2/4saFIm5cCP6NaS2irQcCJ+fce3NzgkQKjY7zaeXGxicmp/LThZnZufkFe3GpquNUcajwWMbqKmAapIigggIlXCUKWBhIuAzaxz3/8gaUFnF0gZ0E6iG7jkRTcIZG8u1tD+EO+3Oy25ZA6GYnvndqBjRYSW8cHNKfK92kmlb9465vF52y0wcdJe6AFMkAZ7797jVinoYQIZdM65rrJFjPmELBJXQLXqohYbzNrqFmaMRC0PWsv1SXrhulQZuxMidC2ld/d2Qs1LoTBqYyZNjSw15P/M+rpdjcr2ciSlKEiH8/1EwlxZj2kqINoYCj7BjCuBJmV8pbTDGOJs+CCcEd/vIoqW6V3d2ye75TPFobxJEnK2SVlIhL9sgROSFnpEI4uSeP5Jm8WA/Wk/VqvX2X5qxBzzL5A+vjC1lfoLs=</latexit>

H⇤(s) := H⇤ + sVC

• For          we have 


• For the Gibbs states                          we have


                                        with                


• Moreover                                                  for         supported in  

<latexit sha1_base64="IkQICTwQh/yxenwC1RrT3uqewYA=">AAACCHicbVC7SgNBFJ31GeNr1dLCxSjEJuyKqGXAJoVFBPOAJITZyd1kyOyDmbtqWLa08VdsLBSx9RPs/BsnmxSaeGDgcM59zXEjwRXa9rexsLi0vLKaW8uvb2xubZs7u3UVxpJBjYUilE2XKhA8gBpyFNCMJFDfFdBwh1djv3EHUvEwuMVRBB2f9gPucUZRS13zoI3wgNmc5H7AEdKk0m1f6wE9WlQnadcs2CU7gzVPnCkpkCmqXfOr3QtZ7EOATFClWo4dYSehEjkTkObbsYKIsiHtQ0vTgPqgOkl2QGoda6VneaHUL0ArU393JNRXauS7utKnOFCz3lj8z2vF6F12Eh5EMULAJou8WFgYWuNUrB6XwFCMNKFMcn2rxQZUUoY6u7wOwZn98jypn5ac85Jzc1YoH03jyJF9ckiKxCEXpEwqpEpqhJFH8kxeyZvxZLwY78bHpHTBmPbskT8wPn8Ac26aIg==</latexit>

H⇤(s)
<latexit sha1_base64="ng6cR/ongqyhCGankSor9PbuQwY="></latexit>

⇢⇤(s) :=
e��H⇤(s)

Tr[e��H⇤(s)]

<latexit sha1_base64="bFAkkdDqRrEQMKrwgqERkHqcINM="></latexit>

⇢⇤� (s) = ⌘̃(s)⇢⇤� (0)⌘̃(s)
⇤ , k⌘̃(s)k  e�skVCk

<latexit sha1_base64="t+fQ6M8kyD53EoyixczPLPtm0lk="></latexit>

e��H⇤(s) = ⌘(s)e��H⇤⌘(s)⇤ , k⌘(s)k  e
�
2 skVCk

<latexit sha1_base64="bVfzvE6aEBKJ8ILmjDvEFGuYcZs="></latexit>

k⇢⇤� (s)� ⇢⇤� (0)k1  e2�skVCk � 1

<latexit sha1_base64="a7PkxxMZ77lUBSpAbmHulm5NBKM="></latexit>

k⌘̃(s)� ⌘̃`(s)k  �skVCke�skVCke��`
<latexit sha1_base64="t2EpBkj57PKwbh+BKgRuaxPODBo=">AAACDHicbVDLSgMxFM3UV62vqks3wSrUTZkRUZcFNy4r2Ad0hpJJb9vQzIPkjlqGfoAbf8WNC0Xc+gHu/BvTaRfaeiBwOOfc5Ob4sRQabfvbyi0tr6yu5dcLG5tb2zvF3b2GjhLFoc4jGamWzzRIEUIdBUpoxQpY4Eto+sOrid+8A6VFFN7iKAYvYP1Q9ARnaKROseQiPGB2T3o/EAjjlFIXkHVckLKsTygdm5RdsTPQReLMSInMUOsUv9xuxJMAQuSSad127Bi9lCkUXMK44CYaYsaHrA9tQ0MWgPbSbIkxPTZKl/YiZU6INFN/T6Qs0HoU+CYZMBzoeW8i/ue1E+xdeqkI4wQh5NOHeomkGNFJM7QrFHCUI0MYV8LsSvmAKcbR9FcwJTjzX14kjdOKc15xbs5K1aNZHXlyQA5JmTjkglTJNamROuHkkTyTV/JmPVkv1rv1MY3mrNnMPvkD6/MHaa6bFA==</latexit>

⌘`(s)
<latexit sha1_base64="JP2uUoDoc/HUZQl4ahLLqWyNMZM=">AAACB3icbVDLSgNBEJz1GeMr6lGQwSjES9gVUY/BXDxGMA9IQpid9CZDZh/M9Kphyc2Lv+LFgyJe/QVv/o2TTQ6aWNBQVHVPT5cbSaHRtr+thcWl5ZXVzFp2fWNzazu3s1vTYaw4VHkoQ9VwmQYpAqiiQAmNSAHzXQl1d1Ae+/U7UFqEwS0OI2j7rBcIT3CGRurkDloID5i+k9z3BcIoofSq0wIpC+WTUSeXt4t2CjpPnCnJkykqndxXqxvy2IcAuWRaNx07wnbCFAouYZRtxRoixgesB01DA+aDbifp/hE9NkqXeqEyFSBN1d8TCfO1Hvqu6fQZ9vWsNxb/85oxepftRARRjBDwySIvlhRDOg6FdoUCjnJoCONKmL9S3meKcTTRZU0IzuzJ86R2WnTOi87NWb50NI0jQ/bJISkQh1yQErkmFVIlnDySZ/JK3qwn68V6tz4mrQvWdGaP/IH1+QPCD5ke</latexit>

B`(C)



SITE REMOVAL

Local Perturbations Perturb Locally (LPPL)

<latexit sha1_base64="A4AElKD168NPRtO+ojNck9j5X+E="></latexit>��TrABC(⇢

⇤
OA)� TrABC(e⇢⇤ OA)

��
<latexit sha1_base64="s6UomwAZN2C4vLIpVIxCH8IPLQY="></latexit>

 KLPPLkOAkfLPPL(A,C) ec�kVCk e�↵LPPLd(A,C)

Local indistinguishability

<latexit sha1_base64="D8Hae5HeFMaeozi/wJsFoVsks7o="></latexit>��TrABC(⇢

⇤
OA)� TrAB(⇢

AB
OA)

��
<latexit sha1_base64="mDhapaZIeXhtDxLyKJEN57J3CNI="></latexit>

 KLIkOAkfLI(A,C) e�↵LId(A,C)

[Brandao-Kastoryano, ’19]

• Idea: Remove site by site in the boundary (from 
the interactions in the Hamiltonian) 


• Use QBP and exp. decay of covariance to show 
that the change at each step is small

This requires uniform exponential decay of covariance!

[Kuwahara, ’24] Otherwise, the scaling is not good enough 

Similar idea in

for learning of Hamiltonians 

[Onorati et al., ’23]




STRONG DECAY OF CORRELATIONS FOR 

GIBBS STATES IN ANY DIMENSION


(BLUHM, C., PÉREZ-HERNÁNDEZ, ’24)

Effective Hamiltonian
Equivalence of several measures of correlations


(covariance, mutual information, mixing condition)



DECAY OF CORRELATIONS (COVARIANCE)
• Lattice 

• Hamiltonian                   , family of Hamiltonians

<latexit sha1_base64="z8uEKzYcLi5OONqfGhMjZC4t7I4=">AAACIHicbVDLSgMxFM3Ud32NunQTLIKrMiPFuizowoULBatip5ZM5rYNzTxI7qhlmE9x46+4caGI7vRrTMeCzwshh3Puubk5fiKFRsd5s0oTk1PTM7Nz5fmFxaVle2X1VMep4tDksYzVuc80SBFBEwVKOE8UsNCXcOYP9kb62RUoLeLoBIcJtEPWi0RXcIaG6th1D+EGiznZdV8g5Jl3aOwBo55OfQ34dYcM+76fXeSX+3nHrjhVpyj6F7hjUCHjOurYr14Q8zSECLlkWrdcJ8F2xhQKLiEve6mGhPEB60HLwIiFoNtZsVhONw0T0G6szImQFux3R8ZCrYehbzpHS+rf2oj8T2ul2N1tZyJKUoSIfz7UTSXFmI7SooFQwFEODWBcCbMr5X2mGEeTadmE4P7+8l9wul11d6ruca3SqI3jmCXrZINsEZfUSYMckCPSJJzcknvySJ6sO+vBerZePltL1tizRn6U9f4BG8mkuQ==</latexit>

⇤ ⇢⇢ ZD

<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

• Gibbs state
<latexit sha1_base64="larWhiHlZTCqqJzib90wKn65GHU="></latexit>

⇢⇤ :=
e��H⇤

Tr[e��H⇤ ]

<latexit sha1_base64="gIoq7RgRQidFWnhrFFjIl2tvTVQ=">AAACE3icbVDLSgMxFM3Ud32NunQTrIKIlBkRFURQu3HhooJVoS0lk97a0MyD5I5ahvkHN/6KGxeKuHXjzr8xHWeh1kMCh3Puvbk5XiSFRsf5tAojo2PjE5NTxemZ2bl5e2HxQoex4lDjoQzVlcc0SBFADQVKuIoUMN+TcOn1KgP/8gaUFmFwjv0Imj67DkRHcIZGatkbDYQ7zOYkt12BkCabtLGfnVMzps3oAT06rqSUtuySU3Yy0GHi5qREclRb9kejHfLYhwC5ZFrXXSfCZsIUCi4hLTZiDRHjPXYNdUMD5oNuJtkuKV0zSpt2QmVugDRTf3YkzNe673um0mfY1X+9gfifV4+xs9dMRBDFCAH/fqgTS4ohHQRE20IBR9k3hHElzK6Ud5liHE2MRROC+/fLw+Riq+zulN2z7dLhah7HJFkmK2SduGSXHJITUiU1wsk9eSTP5MV6sJ6sV+vtu7Rg5T1L5Bes9y9Tj5xi</latexit>

, ⇤ = ABC
<latexit sha1_base64="XqGaAHp/NJN94KrM4ahLOqEHk64="></latexit>

(H⇤)⇤⇢⇢ZD

Exponential decay covariance?

<latexit sha1_base64="Vxq/J24KP/016q6k0lp1xiNvp+4="></latexit>

Cov⇢⇤(A,C) = sup
kOAk=kOCk=1

|Tr[⇢⇤ OAOC ]� Tr[⇢⇤ OA]Tr[⇢
⇤
OC ]|  KCovfCov(A,C) e�↵Covd(A,C)

1D, translation-invariant Hamiltonian

Finite range

Short range

Infinite chain Finite chain

<latexit sha1_base64="EH5irfWFgU+rAQ5dSVAQFgjLbjE=">AAAB7nicbVDLSgNBEJyNr7g+EvXoZTEIegm7IupJAyJ4jGAekCxhdtKbDJmdXWZ6hbDkI7x4UMSr/+BfePMT/Asnj4MmFjQUVd10dwWJ4Bpd98vKLS2vrK7l1+2Nza3tQnFnt67jVDGosVjEqhlQDYJLqCFHAc1EAY0CAY1gcD32Gw+gNI/lPQ4T8CPakzzkjKKRGu0AkF66nWLJLbsTOIvEm5FSpfB9dWx/3FQ7xc92N2ZpBBKZoFq3PDdBP6MKORMwstuphoSyAe1By1BJI9B+Njl35BwapeuEsTIl0ZmovycyGmk9jALTGVHs63lvLP7ntVIML/yMyyRFkGy6KEyFg7Ez/t3pcgUMxdAQyhQ3tzqsTxVlaBKyTQje/MuLpH5S9s7K3p1J45RMkSf75IAcEY+ckwq5JVVSI4wMyCN5Ji9WYj1Zr9bbtDVnzWb2yB9Y7z9KwpHE</latexit>

� > 0
<latexit sha1_base64="EH5irfWFgU+rAQ5dSVAQFgjLbjE=">AAAB7nicbVDLSgNBEJyNr7g+EvXoZTEIegm7IupJAyJ4jGAekCxhdtKbDJmdXWZ6hbDkI7x4UMSr/+BfePMT/Asnj4MmFjQUVd10dwWJ4Bpd98vKLS2vrK7l1+2Nza3tQnFnt67jVDGosVjEqhlQDYJLqCFHAc1EAY0CAY1gcD32Gw+gNI/lPQ4T8CPakzzkjKKRGu0AkF66nWLJLbsTOIvEm5FSpfB9dWx/3FQ7xc92N2ZpBBKZoFq3PDdBP6MKORMwstuphoSyAe1By1BJI9B+Njl35BwapeuEsTIl0ZmovycyGmk9jALTGVHs63lvLP7ntVIML/yMyyRFkGy6KEyFg7Ez/t3pcgUMxdAQyhQ3tzqsTxVlaBKyTQje/MuLpH5S9s7K3p1J45RMkSf75IAcEY+ckwq5JVVSI4wMyCN5Ji9WYj1Zr9bbtDVnzWb2yB9Y7z9KwpHE</latexit>

� > 0
[Araki, ‘69]

[Bluhm, C.

Pérez-Hernández, ’22]


<latexit sha1_base64="UFRZ6wLX/Vwvkx2bkRWKLEFepNQ=">AAAB9HicbVDLSgMxFM3UVx0frbp0EyyCbsqMiLoQLIjgsoJ9QDuUTJppQzOZMblTKEO/w40LRdz6A/6FOz/BvzCddqGtB+7lcM695Ob4seAaHOfLyi0tr6yu5dftjc2t7UJxZ7euo0RRVqORiFTTJ5oJLlkNOAjWjBUjoS9Ywx9cT/zGkCnNI3kPo5h5IelJHnBKwEhe22dALrPecTvFklN2MuBF4s5IqVL4vjq2P26qneJnuxvRJGQSqCBat1wnBi8lCjgVbGy3E81iQgekx1qGShIy7aXZ0WN8aJQuDiJlSgLO1N8bKQm1HoW+mQwJ9PW8NxH/81oJBBdeymWcAJN0+lCQCAwRniSAu1wxCmJkCKGKm1sx7RNFKJicbBOCO//lRVI/KbtnZffOpHGKpsijfXSAjpCLzlEF3aIqqiGKHtAjekYv1tB6sl6tt+lozprt7KE/sN5/AMhtlFY=</latexit>

� < �1

<latexit sha1_base64="UFRZ6wLX/Vwvkx2bkRWKLEFepNQ=">AAAB9HicbVDLSgMxFM3UVx0frbp0EyyCbsqMiLoQLIjgsoJ9QDuUTJppQzOZMblTKEO/w40LRdz6A/6FOz/BvzCddqGtB+7lcM695Ob4seAaHOfLyi0tr6yu5dftjc2t7UJxZ7euo0RRVqORiFTTJ5oJLlkNOAjWjBUjoS9Ywx9cT/zGkCnNI3kPo5h5IelJHnBKwEhe22dALrPecTvFklN2MuBF4s5IqVL4vjq2P26qneJnuxvRJGQSqCBat1wnBi8lCjgVbGy3E81iQgekx1qGShIy7aXZ0WN8aJQuDiJlSgLO1N8bKQm1HoW+mQwJ9PW8NxH/81oJBBdeymWcAJN0+lCQCAwRniSAu1wxCmJkCKGKm1sx7RNFKJicbBOCO//lRVI/KbtnZffOpHGKpsijfXSAjpCLzlEF3aIqqiGKHtAjekYv1tB6sl6tt+lozprt7KE/sN5/AMhtlFY=</latexit>

� < �1

[Pérez-García,

Pérez-Hernández, ’23]


[C., Moscolari,

Teufel, Wessel, ’23]


High D, high-enough temperature

Finite range

Short range

for finite range, 

<latexit sha1_base64="w3AL+IgoL5KRf3nCcWYzqw+Nn9s=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAhiEXYlqIVFwMYygnlAEsLs5CYZMvtg5q4alq1t/BUbC0Vs/QI7/8bJJoUmHhjmcM69d+4cL5JCo+N8WwuLS8srq7m1/PrG5ta2vbNb02GsOFR5KEPV8JgGKQKookAJjUgB8z0JdW94Nfbrd6C0CINbHEXQ9lk/ED3BGRqpYx+0EB4wm5PcDwRCmrQ8QHZJs6tzknbsglN0MtB54k5JgUxR6dhfrW7IYx8C5JJp3XSdCNsJUyi4hDTfijVEjA9ZH5qGBswH3U6yFVJ6ZJQu7YXKnABppv7uSJiv9cj3TKXPcKBnvbH4n9eMsXfRTkQQxQgBnzzUiyXFkI5zoV2hgKMcGcK4EmZXygdMMY4mvbwJwZ398jypnRbds6J7UyqUS9M4cmSfHJJj4pJzUibXpEKqhJNH8kxeyZv1ZL1Y79bHpHTBmvbskT+wPn8AE3WbEw==</latexit>

� < �⇤

[Kliesch et al., ’14]

[Fröhlich-Ueltschi, ’15]

<latexit sha1_base64="4/TMdSmXCjAbyUoQmlXznNuwBz4=">AAACCnicbVDJSgNBEO2JW4xb1KOX0SBEkDAjQb0IkVw8RjALJCH0dGqSJj0L3TXRMMzZi7/ixYMiXv0Cb/6NneWgiQ8KHu9VdVc9JxRcoWV9G6ml5ZXVtfR6ZmNza3snu7tXU0EkGVRZIALZcKgCwX2oIkcBjVAC9RwBdWdQHvv1IUjFA/8ORyG0PdrzucsZRS11socthAecvBPf9zlCEruduBwMk/z1afnkyk462ZxVsCYwF4k9IzkyQ6WT/Wp1AxZ54CMTVKmmbYXYjqlEzgQkmVakIKRsQHvQ1NSnHqh2PFkhMY+10jXdQOry0Zyovydi6ik18hzd6VHsq3lvLP7nNSN0L9sx98MIwWfTj9xImBiY41zMLpfAUIw0oUxyvavJ+lRShjq9jA7Bnj95kdTOCvZ5wb4t5krFWRxpckCOSJ7Y5IKUyA2pkCph5JE8k1fyZjwZL8a78TFtTRmzmX3yB8bnD0+6mpI=</latexit>

fCov(A,C) = 1

<latexit sha1_base64="klAPhSnSAVqYpWmYry0Y/kT5/zw=">AAACH3icbVDLSgMxFM34rPU16tJNsAgtlDIjpboRWrpxZwX7gLaUTJppQzOTIckUyrR/4sZfceNCEXHXvzHTDqitBwIn59yb3HucgFGpLGtubGxube/spvbS+weHR8fmyWlD8lBgUseccdFykCSM+qSuqGKkFQiCPIeRpjOqxn5zTISk3H9Uk4B0PTTwqUsxUlrqmSW3F1X5eJat5Ks5eAs7HlJDjFh0P8tOOwESiiIGK9M8/LlVp7membEK1gJwndgJyYAEtZ751elzHHrEV5ghKdu2FahuFL+IGZmlO6EkAcIjNCBtTX3kEdmNFvvN4KVW+tDlQh9fwYX6uyNCnpQTz9GV8fhy1YvF/7x2qNybbkT9IFTEx8uP3JBBxWEcFuxTQbBiE00QFlTPCvEQCYSVjjStQ7BXV14njauCXSrYD8VMuZjEkQLn4AJkgQ2uQRncgRqoAwyewAt4A+/Gs/FqfBify9INI+k5A39gzL8Btoehgg==</latexit>

fCov(A,C) = O(|@A|, |@C|)

<latexit sha1_base64="u/9sCu0oBFeiDFeUrtMdaUSX6bk=">AAACC3icbVDLSsNAFJ34rPVVdelmaBFakJJIUTdCSzfurGAf0IYwmU7aoZNJmJkUSpK9G3/FjQtF3PoD7vwbp4+Fth64cDjnXu69xw0Zlco0v4219Y3Nre3MTnZ3b//gMHd03JJBJDBp4oAFouMiSRjlpKmoYqQTCoJ8l5G2O6pP/faYCEkD/qAmIbF9NODUoxgpLTm5vOfE9WCcFmvn9RK8gT0fqSFGLL5Li0ktSepJyckVzLI5A1wl1oIUwAINJ/fV6wc48glXmCEpu5YZKjtGQlHMSJrtRZKECI/QgHQ15cgn0o5nv6TwTCt96AVCF1dwpv6eiJEv5cR3def0VLnsTcX/vG6kvGs7pjyMFOF4vsiLGFQBnAYD+1QQrNhEE4QF1bdCPEQCYaXjy+oQrOWXV0nromxdlq37SqFaWcSRAacgD4rAAlegCm5BAzQBBo/gGbyCN+PJeDHejY9565qxmDkBf2B8/gDQ9Zmc</latexit>

fCov(A,C) = O(|A||C|)

<latexit sha1_base64="bWbecnhWP7SRpi12IjyI2oZCft4=">AAACFXicbVBNS8NAEN3Ur1q/qh69LBbBg5REinoUvHisYFVoSthsJ+3SzSbsTtQQ+ie8+Fe8eFDEq+DNf+O25uDXg4HHezO7My9MpTDouh9OZWZ2bn6hulhbWl5ZXauvb1yYJNMcOjyRib4KmQEpFHRQoISrVAOLQwmX4ehk4l9egzYiUeeYp9CL2UCJSHCGVgrqez7CLU7fKW6GAmFc+CEgCzxfi8EQmdbJDfWFijAfB/WG23SnoH+JV5IGKdEO6u9+P+FZDAq5ZMZ0PTfFXsE0Ci5hXPMzAynjIzaArqWKxWB6xXSbMd2xSp9GibalkE7V7xMFi43J49B2xgyH5rc3Ef/zuhlGR71CqDRDUPzroyiTFBM6iYj2hQaOMreEcS3srpQPmWYcbZA1G4L3++S/5GK/6R00vbNW47hVxlElW2Sb7BKPHJJjckrapEM4uSMP5Ik8O/fOo/PivH61VpxyZpP8gPP2Ce1yoH8=</latexit>

�1 ! 1



DECAY OF MUTUAL INFORMATION

• Lattice 

• Hamiltonian


• Family of Hamiltonians 

<latexit sha1_base64="z8uEKzYcLi5OONqfGhMjZC4t7I4=">AAACIHicbVDLSgMxFM3Ud32NunQTLIKrMiPFuizowoULBatip5ZM5rYNzTxI7qhlmE9x46+4caGI7vRrTMeCzwshh3Puubk5fiKFRsd5s0oTk1PTM7Nz5fmFxaVle2X1VMep4tDksYzVuc80SBFBEwVKOE8UsNCXcOYP9kb62RUoLeLoBIcJtEPWi0RXcIaG6th1D+EGiznZdV8g5Jl3aOwBo55OfQ34dYcM+76fXeSX+3nHrjhVpyj6F7hjUCHjOurYr14Q8zSECLlkWrdcJ8F2xhQKLiEve6mGhPEB60HLwIiFoNtZsVhONw0T0G6szImQFux3R8ZCrYehbzpHS+rf2oj8T2ul2N1tZyJKUoSIfz7UTSXFmI7SooFQwFEODWBcCbMr5X2mGEeTadmE4P7+8l9wul11d6ruca3SqI3jmCXrZINsEZfUSYMckCPSJJzcknvySJ6sO+vBerZePltL1tizRn6U9f4BG8mkuQ==</latexit>

⇤ ⇢⇢ ZD

<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

• Gibbs state (at inverse 
temperature         )

<latexit sha1_base64="larWhiHlZTCqqJzib90wKn65GHU="></latexit>

⇢⇤ :=
e��H⇤

Tr[e��H⇤ ]

<latexit sha1_base64="gIoq7RgRQidFWnhrFFjIl2tvTVQ=">AAACE3icbVDLSgMxFM3Ud32NunQTrIKIlBkRFURQu3HhooJVoS0lk97a0MyD5I5ahvkHN/6KGxeKuHXjzr8xHWeh1kMCh3Puvbk5XiSFRsf5tAojo2PjE5NTxemZ2bl5e2HxQoex4lDjoQzVlcc0SBFADQVKuIoUMN+TcOn1KgP/8gaUFmFwjv0Imj67DkRHcIZGatkbDYQ7zOYkt12BkCabtLGfnVMzps3oAT06rqSUtuySU3Yy0GHi5qREclRb9kejHfLYhwC5ZFrXXSfCZsIUCi4hLTZiDRHjPXYNdUMD5oNuJtkuKV0zSpt2QmVugDRTf3YkzNe673um0mfY1X+9gfifV4+xs9dMRBDFCAH/fqgTS4ohHQRE20IBR9k3hHElzK6Ud5liHE2MRROC+/fLw+Riq+zulN2z7dLhah7HJFkmK2SduGSXHJITUiU1wsk9eSTP5MV6sJ6sV+vtu7Rg5T1L5Bes9y9Tj5xi</latexit>

, ⇤ = ABC

<latexit sha1_base64="PTb38PDjwhKb9qUy+fO74rDpRkI=">AAACB3icbVDJSgNBEO2JW4xb1KMgjVHwFGZE1JMEvHiMYBZIhtDTqUma9Cx016hhmJsXf8WLB0W8+gve/Bs7y0ETHxQ83qvq6npeLIVG2/62cguLS8sr+dXC2vrG5lZxe6euo0RxqPFIRqrpMQ1ShFBDgRKasQIWeBIa3uBq5DfuQGkRhbc4jMENWC8UvuAMjdQp7rcRHnD8TnrfFwhZStseIKOXdkZpp1iyy/YYdJ44U1IiU1Q7xa92N+JJACFyybRuOXaMbsoUCi4hK7QTDTHjA9aDlqEhC0C76Xh/Ro+M0qV+pEyFSMfq74mUBVoPA890Bgz7etYbif95rQT9CzcVYZwghHyyyE8kxYiOQqFdoYCjHBrCuBLmr5T3mWIcTXQFE4Ize/I8qZ+UnbOyc3NaqhxO48iTPXJAjolDzkmFXJMqqRFOHskzeSVv1pP1Yr1bH5PWnDWd2SV/YH3+AIf2mPY=</latexit>

� > 0
<latexit sha1_base64="XqGaAHp/NJN94KrM4ahLOqEHk64="></latexit>

(H⇤)⇤⇢⇢ZD

Mutual information


Exponential decay with          ?

<latexit sha1_base64="yUKZoQaKh63qgz8kbu/a49jZ46s=">AAACBHicbVDJSgNBEO2JW4zbqMdcGqMQQcKMiHqM5OIxglkgCaGnU0ma9Cx016hhyMGLv+LFgyJe/Qhv/o2d5aCJDwoe71V1dT0vkkKj43xbqaXlldW19HpmY3Nre8fe3avqMFYcKjyUoap7TIMUAVRQoIR6pID5noSaNyiN/dodKC3C4BaHEbR81gtEV3CGRmrb2SbCA07eSe77AmGUdPJXJ6XjEaVtO+cUnAnoInFnJEdmKLftr2Yn5LEPAXLJtG64ToSthCkUXMIo04w1RIwPWA8ahgbMB91KJstH9MgoHdoNlakA6UT9PZEwX+uh75lOn2Ffz3tj8T+vEWP3spWIIIoRAj5d1I0lxZCOE6EdoYCjHBrCuBLmr5T3mWIcTW4ZE4I7f/IiqZ4W3POCe3OWKx7O4kiTLDkgeeKSC1Ik16RMKoSTR/JMXsmb9WS9WO/Wx7Q1Zc1m9skfWJ8/DyKXlw==</latexit>

d(A,C)

(for             ,            and                depending on the size of A and C, but uniform in    )

<latexit sha1_base64="fav8SIIU7vDepK4M9LJc8JgioAY=">AAACBHicbVC7SgNBFJ31GeMraplmMApWYddC7QzYWFhEMA9IQpid3CRDZh/M3FXDksLGf9AfEMFCEVs/ws6/cXaTQhMPDBzOuWfuzHFDKTTa9rc1N7+wuLScWcmurq1vbOa2tqs6iBSHCg9koOou0yCFDxUUKKEeKmCeK6HmDs4Sv3YNSovAv8JhCC2P9XzRFZyhkdq5fBPhFtN74pu+QBjFtHlh8h02aucKdtFOQWeJMyGF0+eHBI/ldu6r2Ql45IGPXDKtG44dYitmCgWXMMo2Iw0h4wPWg4ahPvNAt+J0+YjuG6VDu4Eyx0eaqr8TMfO0HnqumfQY9vW0l4j/eY0IuyetWPhhhODz8aJuJCkGNGmEdoQCjnJoCONKmLdS3meKcTS9ZU0JzvSXZ0n1sOgcFZ1Lu1DaI2NkSJ7skgPikGNSIuekTCqEkzvyRF7Jm3VvvVjv1sd4dM6aZHbIH1ifP8R1nSo=</latexit>

⇤

<latexit sha1_base64="hOnZSGqsLxBbzaQFtGr4by8TEjc="></latexit>

I⇢⇤(A : C)  KMIfMI(A,C) e�↵MId(A,C)

<latexit sha1_base64="k57oyMovjLV4OLH+yJ1BTuejFqw=">AAACBXicbVC7SgNBFJ2N7/iKWlhoMRgFq7BroVYqpFFEiGBUSEKYndwkQ2YfzNxVw7KNjb9iY6GIlv6Aldj4Cf6BpZPEQhMPXDicc+/cuccNpdBo2x9Wamh4ZHRsfCI9OTU9M5uZmz/VQaQ4FHkgA3XuMg1S+FBEgRLOQwXMcyWcua18xz+7AKVF4J9gO4SKxxq+qAvO0EjVzHIZ4Qq778SXTYGQxPSwGh8dJDt2Us1k7ZzdBR0kzg/J7n69Pr8v5j8L1cxbuRbwyAMfuWRalxw7xErMFAouIUmXIw0h4y3WgJKhPvNAV+Lu9oSuGaVG64Ey5SPtqr8nYuZp3fZc0+kxbOp+ryP+55UirG9XYuGHEYLPe4vqkaQY0E4ktCYUcJRtQxhXwvyV8iZTjKMJLm1CcPpPHiSnGzlnM+cc29m9VdLDOFkiK2SdOGSL7JF9UiBFwsk1uSX35MG6se6sR+up15qyfmYWyB9YL99xnJ2P</latexit>

KMI > 0
<latexit sha1_base64="AuUS4UznY1RrCLMl7gx6U+cP9RU=">AAACCHicbVA9SwNBEN2LUWP8ilpauBgFBQl3FmqppNFCiGASIQlhbzNnFvc+2J1Tw3GljX/FxkIRW3+Cnf/GzSWFGh8MPN6b2Z15biSFRtv+snJT+emZ2cJccX5hcWm5tLLa0GGsONR5KEN15TINUgRQR4ESriIFzHclNN2b6tBv3oLSIgwucRBBx2fXgfAEZ2ikbmmjjXCP2TvJXV8gpAn1usn5WbpzslfdTbulsl2xM9BJ4oxJ+TjvZah1S5/tXshjHwLkkmndcuwIOwlTKLiEtNiONUSM37BraBkaMB90J8kWSOm2UXrUC5WpAGmm/pxImK/1wHdNp8+wr/96Q/E/rxWjd9RJRBDFCAEffeTFkmJIh6nQnlDAUQ4MYVwJsyvlfaYYR5Nd0YTg/D15kjT2K85BxbkwaWyREQpknWySHeKQQ3JMTkmN1AknD+SJvJBX69F6tt6s91FrzhrPrJFfsD6+ASDdnDI=</latexit>

fMI(A,C)

<latexit sha1_base64="LouE0V/FoQwqkpjbLmDKdnTqy2g=">AAACFnicbVC7SgNBFJ31GeMramkzGAUbw66IWgZsLCwimAdkY5id3CRDZh/O3I2GZb/Cxl+xsVDEVuz8GyePQhMPDBzOua85XiSFRtv+tubmFxaXljMr2dW19Y3N3NZ2RYex4lDmoQxVzWMapAigjAIl1CIFzPckVL3exdCv9kFpEQY3OIig4bNOINqCMzRSM3fkIjzgaE5y3xUIaeKqbnjrXpkZLUZduItFnw61lNJmLm8X7BHoLHEmJE8mKDVzX24r5LEPAXLJtK47doSNhCkUXEKadWMNEeM91oG6oQHzQTeS0TkpPTBKi7ZDZV6AdKT+7kiYr/XA90ylz7Crp72h+J9Xj7F93khEEMUIAR8vaseSYkiHGdGWUMBRDgxhXAlzK+VdphhHk2TWhOBMf3mWVI4LzmnBuT7JF/cncWTILtkjh8QhZ6RILkmJlAknj+SZvJI368l6sd6tj3HpnDXp2SF/YH3+AE6on/E=</latexit>

⇢⇤ ⌘ ⇢

<latexit sha1_base64="qqC6nNoiQBrO+NFrcdJnJyjtyZk=">AAACC3icbVC7SgNBFJ2NrxhfUUubIVGwCrsiaiUBGy2ECOYBSQizk5tkyOyDmbtqWLa38VdsLBSx9Qfs/BsnmxSaeODC4Zx7Z+49biiFRtv+tjILi0vLK9nV3Nr6xuZWfnunpoNIcajyQAaq4TINUvhQRYESGqEC5rkS6u7wYuzX70BpEfi3OAqh7bG+L3qCMzRSJ19oITxg+k58PxAISdxiMhywTnx9lZzbCaWdfNEu2SnoPHGmpEimqHTyX61uwCMPfOSSad107BDbMVMouIQk14o0hIwPWR+ahvrMA92O0x0SemCULu0FypSPNFV/T8TM03rkuabTYzjQs95Y/M9rRtg7a8fCDyMEn08+6kWSYkDHwdCuUMBRjgxhXAmzK+UDphhHE1/OhODMnjxPakcl56Tk3BwXy/vTOLJkjxTIIXHIKSmTS1IhVcLJI3kmr+TNerJerHfrY9KasaYzu+QPrM8fgNubNQ==</latexit>

↵MI > 0

<latexit sha1_base64="IeMv/42STJJ/wDlA0kEI9k/zfqQ="></latexit>

I⇢(A : C) = D(⇢ACk⇢A ⌦ ⇢C) = Tr[⇢AC(log⇢AC � log⇢A ⌦ ⇢C)]



DECAY OF MUTUAL INFORMATION
• Lattice 

• Hamiltonian                   , family of Hamiltonians

<latexit sha1_base64="z8uEKzYcLi5OONqfGhMjZC4t7I4=">AAACIHicbVDLSgMxFM3Ud32NunQTLIKrMiPFuizowoULBatip5ZM5rYNzTxI7qhlmE9x46+4caGI7vRrTMeCzwshh3Puubk5fiKFRsd5s0oTk1PTM7Nz5fmFxaVle2X1VMep4tDksYzVuc80SBFBEwVKOE8UsNCXcOYP9kb62RUoLeLoBIcJtEPWi0RXcIaG6th1D+EGiznZdV8g5Jl3aOwBo55OfQ34dYcM+76fXeSX+3nHrjhVpyj6F7hjUCHjOurYr14Q8zSECLlkWrdcJ8F2xhQKLiEve6mGhPEB60HLwIiFoNtZsVhONw0T0G6szImQFux3R8ZCrYehbzpHS+rf2oj8T2ul2N1tZyJKUoSIfz7UTSXFmI7SooFQwFEODWBcCbMr5X2mGEeTadmE4P7+8l9wul11d6ruca3SqI3jmCXrZINsEZfUSYMckCPSJJzcknvySJ6sO+vBerZePltL1tizRn6U9f4BG8mkuQ==</latexit>

⇤ ⇢⇢ ZD

<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

• Gibbs state
<latexit sha1_base64="larWhiHlZTCqqJzib90wKn65GHU="></latexit>

⇢⇤ :=
e��H⇤

Tr[e��H⇤ ]

<latexit sha1_base64="gIoq7RgRQidFWnhrFFjIl2tvTVQ=">AAACE3icbVDLSgMxFM3Ud32NunQTrIKIlBkRFURQu3HhooJVoS0lk97a0MyD5I5ahvkHN/6KGxeKuHXjzr8xHWeh1kMCh3Puvbk5XiSFRsf5tAojo2PjE5NTxemZ2bl5e2HxQoex4lDjoQzVlcc0SBFADQVKuIoUMN+TcOn1KgP/8gaUFmFwjv0Imj67DkRHcIZGatkbDYQ7zOYkt12BkCabtLGfnVMzps3oAT06rqSUtuySU3Yy0GHi5qREclRb9kejHfLYhwC5ZFrXXSfCZsIUCi4hLTZiDRHjPXYNdUMD5oNuJtkuKV0zSpt2QmVugDRTf3YkzNe673um0mfY1X+9gfifV4+xs9dMRBDFCAH/fqgTS4ohHQRE20IBR9k3hHElzK6Ud5liHE2MRROC+/fLw+Riq+zulN2z7dLhah7HJFkmK2SduGSXHJITUiU1wsk9eSTP5MV6sJ6sV+vtu7Rg5T1L5Bes9y9Tj5xi</latexit>

, ⇤ = ABC
<latexit sha1_base64="XqGaAHp/NJN94KrM4ahLOqEHk64="></latexit>

(H⇤)⇤⇢⇢ZD

Exponential decay mutual information?


1D, translation-invariant Hamiltonian

Finite range

Short range

Finite chain

<latexit sha1_base64="EH5irfWFgU+rAQ5dSVAQFgjLbjE=">AAAB7nicbVDLSgNBEJyNr7g+EvXoZTEIegm7IupJAyJ4jGAekCxhdtKbDJmdXWZ6hbDkI7x4UMSr/+BfePMT/Asnj4MmFjQUVd10dwWJ4Bpd98vKLS2vrK7l1+2Nza3tQnFnt67jVDGosVjEqhlQDYJLqCFHAc1EAY0CAY1gcD32Gw+gNI/lPQ4T8CPakzzkjKKRGu0AkF66nWLJLbsTOIvEm5FSpfB9dWx/3FQ7xc92N2ZpBBKZoFq3PDdBP6MKORMwstuphoSyAe1By1BJI9B+Njl35BwapeuEsTIl0ZmovycyGmk9jALTGVHs63lvLP7ntVIML/yMyyRFkGy6KEyFg7Ez/t3pcgUMxdAQyhQ3tzqsTxVlaBKyTQje/MuLpH5S9s7K3p1J45RMkSf75IAcEY+ckwq5JVVSI4wMyCN5Ji9WYj1Zr9bbtDVnzWb2yB9Y7z9KwpHE</latexit>

� > 0 [Bluhm, C.

Pérez-Hernández, ’22]


(QIP2022)

High D, high-enough temperature

Finite range

Short range

<latexit sha1_base64="w3AL+IgoL5KRf3nCcWYzqw+Nn9s=">AAACCnicbVC7SgNBFJ31GeNr1dJmNAhiEXYlqIVFwMYygnlAEsLs5CYZMvtg5q4alq1t/BUbC0Vs/QI7/8bJJoUmHhjmcM69d+4cL5JCo+N8WwuLS8srq7m1/PrG5ta2vbNb02GsOFR5KEPV8JgGKQKookAJjUgB8z0JdW94Nfbrd6C0CINbHEXQ9lk/ED3BGRqpYx+0EB4wm5PcDwRCmrQ8QHZJs6tzknbsglN0MtB54k5JgUxR6dhfrW7IYx8C5JJp3XSdCNsJUyi4hDTfijVEjA9ZH5qGBswH3U6yFVJ6ZJQu7YXKnABppv7uSJiv9cj3TKXPcKBnvbH4n9eMsXfRTkQQxQgBnzzUiyXFkI5zoV2hgKMcGcK4EmZXygdMMY4mvbwJwZ398jypnRbds6J7UyqUS9M4cmSfHJJj4pJzUibXpEKqhJNH8kxeyZv1ZL1Y79bHpHTBmvbskT+wPn8AE3WbEw==</latexit>

� < �⇤

[Kuwahara et al., ’20]

??

?

?

<latexit sha1_base64="oOcjU9X8p2iaikPiMDQ1U8HCpE8="></latexit>

I⇢(A : C) = Tr[⇢AC(log⇢AC � log⇢A ⌦ ⇢C)]  KMIfMI(A,C) e�↵MId(A,C)



MIXING CONDITION

• Lattice 

• Hamiltonian


• Family of Hamiltonians 

<latexit sha1_base64="z8uEKzYcLi5OONqfGhMjZC4t7I4=">AAACIHicbVDLSgMxFM3Ud32NunQTLIKrMiPFuizowoULBatip5ZM5rYNzTxI7qhlmE9x46+4caGI7vRrTMeCzwshh3Puubk5fiKFRsd5s0oTk1PTM7Nz5fmFxaVle2X1VMep4tDksYzVuc80SBFBEwVKOE8UsNCXcOYP9kb62RUoLeLoBIcJtEPWi0RXcIaG6th1D+EGiznZdV8g5Jl3aOwBo55OfQ34dYcM+76fXeSX+3nHrjhVpyj6F7hjUCHjOurYr14Q8zSECLlkWrdcJ8F2xhQKLiEve6mGhPEB60HLwIiFoNtZsVhONw0T0G6szImQFux3R8ZCrYehbzpHS+rf2oj8T2ul2N1tZyJKUoSIfz7UTSXFmI7SooFQwFEODWBcCbMr5X2mGEeTadmE4P7+8l9wul11d6ruca3SqI3jmCXrZINsEZfUSYMckCPSJJzcknvySJ6sO+vBerZePltL1tizRn6U9f4BG8mkuQ==</latexit>

⇤ ⇢⇢ ZD

<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

• Gibbs state (at inverse 
temperature         )

<latexit sha1_base64="larWhiHlZTCqqJzib90wKn65GHU="></latexit>

⇢⇤ :=
e��H⇤

Tr[e��H⇤ ]

<latexit sha1_base64="gIoq7RgRQidFWnhrFFjIl2tvTVQ=">AAACE3icbVDLSgMxFM3Ud32NunQTrIKIlBkRFURQu3HhooJVoS0lk97a0MyD5I5ahvkHN/6KGxeKuHXjzr8xHWeh1kMCh3Puvbk5XiSFRsf5tAojo2PjE5NTxemZ2bl5e2HxQoex4lDjoQzVlcc0SBFADQVKuIoUMN+TcOn1KgP/8gaUFmFwjv0Imj67DkRHcIZGatkbDYQ7zOYkt12BkCabtLGfnVMzps3oAT06rqSUtuySU3Yy0GHi5qREclRb9kejHfLYhwC5ZFrXXSfCZsIUCi4hLTZiDRHjPXYNdUMD5oNuJtkuKV0zSpt2QmVugDRTf3YkzNe673um0mfY1X+9gfifV4+xs9dMRBDFCAH/fqgTS4ohHQRE20IBR9k3hHElzK6Ud5liHE2MRROC+/fLw+Riq+zulN2z7dLhah7HJFkmK2SduGSXHJITUiU1wsk9eSTP5MV6sJ6sV+vtu7Rg5T1L5Bes9y9Tj5xi</latexit>

, ⇤ = ABC

<latexit sha1_base64="PTb38PDjwhKb9qUy+fO74rDpRkI=">AAACB3icbVDJSgNBEO2JW4xb1KMgjVHwFGZE1JMEvHiMYBZIhtDTqUma9Cx016hhmJsXf8WLB0W8+gve/Bs7y0ETHxQ83qvq6npeLIVG2/62cguLS8sr+dXC2vrG5lZxe6euo0RxqPFIRqrpMQ1ShFBDgRKasQIWeBIa3uBq5DfuQGkRhbc4jMENWC8UvuAMjdQp7rcRHnD8TnrfFwhZStseIKOXdkZpp1iyy/YYdJ44U1IiU1Q7xa92N+JJACFyybRuOXaMbsoUCi4hK7QTDTHjA9aDlqEhC0C76Xh/Ro+M0qV+pEyFSMfq74mUBVoPA890Bgz7etYbif95rQT9CzcVYZwghHyyyE8kxYiOQqFdoYCjHBrCuBLmr5T3mWIcTXQFE4Ize/I8qZ+UnbOyc3NaqhxO48iTPXJAjolDzkmFXJMqqRFOHskzeSVv1pP1Yr1bH5PWnDWd2SV/YH3+AIf2mPY=</latexit>

� > 0
<latexit sha1_base64="XqGaAHp/NJN94KrM4ahLOqEHk64="></latexit>

(H⇤)⇤⇢⇢ZD

Mixing condition


(for             ,            and                depending on the size of A and C, but uniform in    )

<latexit sha1_base64="fav8SIIU7vDepK4M9LJc8JgioAY=">AAACBHicbVC7SgNBFJ31GeMraplmMApWYddC7QzYWFhEMA9IQpid3CRDZh/M3FXDksLGf9AfEMFCEVs/ws6/cXaTQhMPDBzOuWfuzHFDKTTa9rc1N7+wuLScWcmurq1vbOa2tqs6iBSHCg9koOou0yCFDxUUKKEeKmCeK6HmDs4Sv3YNSovAv8JhCC2P9XzRFZyhkdq5fBPhFtN74pu+QBjFtHlh8h02aucKdtFOQWeJMyGF0+eHBI/ldu6r2Ql45IGPXDKtG44dYitmCgWXMMo2Iw0h4wPWg4ahPvNAt+J0+YjuG6VDu4Eyx0eaqr8TMfO0HnqumfQY9vW0l4j/eY0IuyetWPhhhODz8aJuJCkGNGmEdoQCjnJoCONKmLdS3meKcTS9ZU0JzvSXZ0n1sOgcFZ1Lu1DaI2NkSJ7skgPikGNSIuekTCqEkzvyRF7Jm3VvvVjv1sd4dM6aZHbIH1ifP8R1nSo=</latexit>

⇤

<latexit sha1_base64="LouE0V/FoQwqkpjbLmDKdnTqy2g=">AAACFnicbVC7SgNBFJ31GeMramkzGAUbw66IWgZsLCwimAdkY5id3CRDZh/O3I2GZb/Cxl+xsVDEVuz8GyePQhMPDBzOua85XiSFRtv+tubmFxaXljMr2dW19Y3N3NZ2RYex4lDmoQxVzWMapAigjAIl1CIFzPckVL3exdCv9kFpEQY3OIig4bNOINqCMzRSM3fkIjzgaE5y3xUIaeKqbnjrXpkZLUZduItFnw61lNJmLm8X7BHoLHEmJE8mKDVzX24r5LEPAXLJtK47doSNhCkUXEKadWMNEeM91oG6oQHzQTeS0TkpPTBKi7ZDZV6AdKT+7kiYr/XA90ylz7Crp72h+J9Xj7F93khEEMUIAR8vaseSYkiHGdGWUMBRDgxhXAlzK+VdphhHk2TWhOBMf3mWVI4LzmnBuT7JF/cncWTILtkjh8QhZ6RILkmJlAknj+SZvJI368l6sd6tj3HpnDXp2SF/YH3+AE6on/E=</latexit>

⇢⇤ ⌘ ⇢
<latexit sha1_base64="7QkOTs+NVy8gUSBboRW9MOD4B7U="></latexit>

k⇢AC⇢
�1
A ⌦ ⇢�1

C � 1k  KMCfMC(A,C) e�↵MCd(A,C)

<latexit sha1_base64="oFv8jipO+Hf/2/jCtfb4N6tPFUU=">AAACBXicbVC7SgNBFJ31GeMramGhxWAUrMKuhVppII0gQgQThSSE2clNMmT2wcxdNSzb2PgrNhaKaOkPWImNn+AfWDpJLDR64MLhnHvnzj1uKIVG2363RkbHxicmU1Pp6ZnZufnMwmJZB5HiUOKBDNSZyzRI4UMJBUo4CxUwz5Vw6nYKPf/0HJQWgX+C3RBqHmv5oik4QyPVM6tVhEvsvxNftAVCEtPDenxUSPbspJ7J2jm7D/qXON8ku//58vS2XPgo1jOv1UbAIw985JJpXXHsEGsxUyi4hCRdjTSEjHdYCyqG+swDXYv72xO6YZQGbQbKlI+0r/6ciJmndddzTafHsK2HvZ74n1eJsLlbi4UfRgg+HyxqRpJiQHuR0IZQwFF2DWFcCfNXyttMMY4muLQJwRk++S8pb+Wc7ZxzbGfz62SAFFkha2STOGSH5MkBKZIS4eSK3JA7cm9dW7fWg/U4aB2xvmeWyC9Yz19obJ2J</latexit>

KMC > 0
<latexit sha1_base64="ctfyUt2gyUGjl6+DeBBxcOcGOSM=">AAACC3icbVC7SgNBFJ2NrxhfUUubIVGwCrsiaiWBNDZCBPOAJITZyU0yZPbBzF01LNvb+Cs2ForY+gN2/o2TZAtNPHDhcM69M/ceN5RCo21/W5ml5ZXVtex6bmNza3snv7tX10GkONR4IAPVdJkGKXyooUAJzVAB81wJDXdUmfiNO1BaBP4tjkPoeGzgi77gDI3UzRfaCA84fSe+HwqEJG4zGQ5ZN76uJJd2Qmk3X7RL9hR0kTgpKZIU1W7+q90LeOSBj1wyrVuOHWInZgoFl5Dk2pGGkPERG0DLUJ95oDvxdIeEHhmlR/uBMuUjnaq/J2LmaT32XNPpMRzqeW8i/ue1IuxfdGLhhxGCz2cf9SNJMaCTYGhPKOAox4YwroTZlfIhU4yjiS9nQnDmT14k9ZOSc1Zybk6L5cM0jiw5IAVyTBxyTsrkilRJjXDySJ7JK3mznqwX6936mLVmrHRmn/yB9fkDd5+bLw==</latexit>

↵MC > 0
<latexit sha1_base64="OoKeZsMzgqCHFGNulHIDgNEAyao=">AAACCHicbVC7SgNBFJ2N8RVfUUsLB6OgIGHXQi2VNDZCBPOAJITZyV0zZPbBzF01LFva+Cs2ForY+gl2/o2TTQqNHrhwOOfemXuPG0mh0ba/rNxMfnZufmGxsLS8srpWXN+o6zBWHGo8lKFqukyDFAHUUKCEZqSA+a6EhjuojPzGLSgtwuAahxF0fHYTCE9whkbqFrfbCPeYvZPc9QVCmlCvm1xW0v3zw8pB2i2W7LKdgf4lzoSUzvJehmq3+NnuhTz2IUAumdYtx46wkzCFgktIC+1YQ8T4gN1Ay9CA+aA7SbZASveM0qNeqEwFSDP150TCfK2Hvms6fYZ9Pe2NxP+8VozeaScRQRQjBHz8kRdLiiEdpUJ7QgFHOTSEcSXMrpT3mWIcTXYFE4IzffJfUj8qO8dl58qksUvGWCBbZIfsE4eckDNyQaqkRjh5IE/khbxaj9az9Wa9j1tz1mRmk/yC9fENF5ucLA==</latexit>

fMC(A,C)

Instrumental in the proof of Modified Logarithmic Sobolev Inequalities 

(and thus rapid mixing of Lindbladians)


[Kochanowski, Alhambra

C., Rouzé, ’24]




MIXING CONDITION

• Lattice 

• Hamiltonian


• Family of Hamiltonians 

<latexit sha1_base64="z8uEKzYcLi5OONqfGhMjZC4t7I4=">AAACIHicbVDLSgMxFM3Ud32NunQTLIKrMiPFuizowoULBatip5ZM5rYNzTxI7qhlmE9x46+4caGI7vRrTMeCzwshh3Puubk5fiKFRsd5s0oTk1PTM7Nz5fmFxaVle2X1VMep4tDksYzVuc80SBFBEwVKOE8UsNCXcOYP9kb62RUoLeLoBIcJtEPWi0RXcIaG6th1D+EGiznZdV8g5Jl3aOwBo55OfQ34dYcM+76fXeSX+3nHrjhVpyj6F7hjUCHjOurYr14Q8zSECLlkWrdcJ8F2xhQKLiEve6mGhPEB60HLwIiFoNtZsVhONw0T0G6szImQFux3R8ZCrYehbzpHS+rf2oj8T2ul2N1tZyJKUoSIfz7UTSXFmI7SooFQwFEODWBcCbMr5X2mGEeTadmE4P7+8l9wul11d6ruca3SqI3jmCXrZINsEZfUSYMckCPSJJzcknvySJ6sO+vBerZePltL1tizRn6U9f4BG8mkuQ==</latexit>

⇤ ⇢⇢ ZD

<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

• Gibbs state (at inverse 
temperature         )

<latexit sha1_base64="larWhiHlZTCqqJzib90wKn65GHU="></latexit>

⇢⇤ :=
e��H⇤

Tr[e��H⇤ ]

<latexit sha1_base64="gIoq7RgRQidFWnhrFFjIl2tvTVQ=">AAACE3icbVDLSgMxFM3Ud32NunQTrIKIlBkRFURQu3HhooJVoS0lk97a0MyD5I5ahvkHN/6KGxeKuHXjzr8xHWeh1kMCh3Puvbk5XiSFRsf5tAojo2PjE5NTxemZ2bl5e2HxQoex4lDjoQzVlcc0SBFADQVKuIoUMN+TcOn1KgP/8gaUFmFwjv0Imj67DkRHcIZGatkbDYQ7zOYkt12BkCabtLGfnVMzps3oAT06rqSUtuySU3Yy0GHi5qREclRb9kejHfLYhwC5ZFrXXSfCZsIUCi4hLTZiDRHjPXYNdUMD5oNuJtkuKV0zSpt2QmVugDRTf3YkzNe673um0mfY1X+9gfifV4+xs9dMRBDFCAH/fqgTS4ohHQRE20IBR9k3hHElzK6Ud5liHE2MRROC+/fLw+Riq+zulN2z7dLhah7HJFkmK2SduGSXHJITUiU1wsk9eSTP5MV6sJ6sV+vtu7Rg5T1L5Bes9y9Tj5xi</latexit>

, ⇤ = ABC

<latexit sha1_base64="PTb38PDjwhKb9qUy+fO74rDpRkI=">AAACB3icbVDJSgNBEO2JW4xb1KMgjVHwFGZE1JMEvHiMYBZIhtDTqUma9Cx016hhmJsXf8WLB0W8+gve/Bs7y0ETHxQ83qvq6npeLIVG2/62cguLS8sr+dXC2vrG5lZxe6euo0RxqPFIRqrpMQ1ShFBDgRKasQIWeBIa3uBq5DfuQGkRhbc4jMENWC8UvuAMjdQp7rcRHnD8TnrfFwhZStseIKOXdkZpp1iyy/YYdJ44U1IiU1Q7xa92N+JJACFyybRuOXaMbsoUCi4hK7QTDTHjA9aDlqEhC0C76Xh/Ro+M0qV+pEyFSMfq74mUBVoPA890Bgz7etYbif95rQT9CzcVYZwghHyyyE8kxYiOQqFdoYCjHBrCuBLmr5T3mWIcTXQFE4Ize/I8qZ+UnbOyc3NaqhxO48iTPXJAjolDzkmFXJMqqRFOHskzeSVv1pP1Yr1bH5PWnDWd2SV/YH3+AIf2mPY=</latexit>

� > 0
<latexit sha1_base64="XqGaAHp/NJN94KrM4ahLOqEHk64="></latexit>

(H⇤)⇤⇢⇢ZD

Mixing condition


(for             ,            and                depending on the size of A and C, but uniform in    )

<latexit sha1_base64="fav8SIIU7vDepK4M9LJc8JgioAY=">AAACBHicbVC7SgNBFJ31GeMraplmMApWYddC7QzYWFhEMA9IQpid3CRDZh/M3FXDksLGf9AfEMFCEVs/ws6/cXaTQhMPDBzOuWfuzHFDKTTa9rc1N7+wuLScWcmurq1vbOa2tqs6iBSHCg9koOou0yCFDxUUKKEeKmCeK6HmDs4Sv3YNSovAv8JhCC2P9XzRFZyhkdq5fBPhFtN74pu+QBjFtHlh8h02aucKdtFOQWeJMyGF0+eHBI/ldu6r2Ql45IGPXDKtG44dYitmCgWXMMo2Iw0h4wPWg4ahPvNAt+J0+YjuG6VDu4Eyx0eaqr8TMfO0HnqumfQY9vW0l4j/eY0IuyetWPhhhODz8aJuJCkGNGmEdoQCjnJoCONKmLdS3meKcTS9ZU0JzvSXZ0n1sOgcFZ1Lu1DaI2NkSJ7skgPikGNSIuekTCqEkzvyRF7Jm3VvvVjv1sd4dM6aZHbIH1ifP8R1nSo=</latexit>

⇤

<latexit sha1_base64="LouE0V/FoQwqkpjbLmDKdnTqy2g=">AAACFnicbVC7SgNBFJ31GeMramkzGAUbw66IWgZsLCwimAdkY5id3CRDZh/O3I2GZb/Cxl+xsVDEVuz8GyePQhMPDBzOua85XiSFRtv+tubmFxaXljMr2dW19Y3N3NZ2RYex4lDmoQxVzWMapAigjAIl1CIFzPckVL3exdCv9kFpEQY3OIig4bNOINqCMzRSM3fkIjzgaE5y3xUIaeKqbnjrXpkZLUZduItFnw61lNJmLm8X7BHoLHEmJE8mKDVzX24r5LEPAXLJtK47doSNhCkUXEKadWMNEeM91oG6oQHzQTeS0TkpPTBKi7ZDZV6AdKT+7kiYr/XA90ylz7Crp72h+J9Xj7F93khEEMUIAR8vaseSYkiHGdGWUMBRDgxhXAlzK+VdphhHk2TWhOBMf3mWVI4LzmnBuT7JF/cncWTILtkjh8QhZ6RILkmJlAknj+SZvJI368l6sd6tj3HpnDXp2SF/YH3+AE6on/E=</latexit>

⇢⇤ ⌘ ⇢
<latexit sha1_base64="7QkOTs+NVy8gUSBboRW9MOD4B7U="></latexit>

k⇢AC⇢
�1
A ⌦ ⇢�1

C � 1k  KMCfMC(A,C) e�↵MCd(A,C)

<latexit sha1_base64="oFv8jipO+Hf/2/jCtfb4N6tPFUU=">AAACBXicbVC7SgNBFJ31GeMramGhxWAUrMKuhVppII0gQgQThSSE2clNMmT2wcxdNSzb2PgrNhaKaOkPWImNn+AfWDpJLDR64MLhnHvnzj1uKIVG2363RkbHxicmU1Pp6ZnZufnMwmJZB5HiUOKBDNSZyzRI4UMJBUo4CxUwz5Vw6nYKPf/0HJQWgX+C3RBqHmv5oik4QyPVM6tVhEvsvxNftAVCEtPDenxUSPbspJ7J2jm7D/qXON8ku//58vS2XPgo1jOv1UbAIw985JJpXXHsEGsxUyi4hCRdjTSEjHdYCyqG+swDXYv72xO6YZQGbQbKlI+0r/6ciJmndddzTafHsK2HvZ74n1eJsLlbi4UfRgg+HyxqRpJiQHuR0IZQwFF2DWFcCfNXyttMMY4muLQJwRk++S8pb+Wc7ZxzbGfz62SAFFkha2STOGSH5MkBKZIS4eSK3JA7cm9dW7fWg/U4aB2xvmeWyC9Yz19obJ2J</latexit>

KMC > 0
<latexit sha1_base64="ctfyUt2gyUGjl6+DeBBxcOcGOSM=">AAACC3icbVC7SgNBFJ2NrxhfUUubIVGwCrsiaiWBNDZCBPOAJITZyU0yZPbBzF01LNvb+Cs2ForY+gN2/o2TZAtNPHDhcM69M/ceN5RCo21/W5ml5ZXVtex6bmNza3snv7tX10GkONR4IAPVdJkGKXyooUAJzVAB81wJDXdUmfiNO1BaBP4tjkPoeGzgi77gDI3UzRfaCA84fSe+HwqEJG4zGQ5ZN76uJJd2Qmk3X7RL9hR0kTgpKZIU1W7+q90LeOSBj1wyrVuOHWInZgoFl5Dk2pGGkPERG0DLUJ95oDvxdIeEHhmlR/uBMuUjnaq/J2LmaT32XNPpMRzqeW8i/ue1IuxfdGLhhxGCz2cf9SNJMaCTYGhPKOAox4YwroTZlfIhU4yjiS9nQnDmT14k9ZOSc1Zybk6L5cM0jiw5IAVyTBxyTsrkilRJjXDySJ7JK3mznqwX6936mLVmrHRmn/yB9fkDd5+bLw==</latexit>

↵MC > 0
<latexit sha1_base64="OoKeZsMzgqCHFGNulHIDgNEAyao=">AAACCHicbVC7SgNBFJ2N8RVfUUsLB6OgIGHXQi2VNDZCBPOAJITZyV0zZPbBzF01LFva+Cs2ForY+gl2/o2TTQqNHrhwOOfemXuPG0mh0ba/rNxMfnZufmGxsLS8srpWXN+o6zBWHGo8lKFqukyDFAHUUKCEZqSA+a6EhjuojPzGLSgtwuAahxF0fHYTCE9whkbqFrfbCPeYvZPc9QVCmlCvm1xW0v3zw8pB2i2W7LKdgf4lzoSUzvJehmq3+NnuhTz2IUAumdYtx46wkzCFgktIC+1YQ8T4gN1Ay9CA+aA7SbZASveM0qNeqEwFSDP150TCfK2Hvms6fYZ9Pe2NxP+8VozeaScRQRQjBHz8kRdLiiEdpUJ7QgFHOTSEcSXMrpT3mWIcTXYFE4IzffJfUj8qO8dl58qksUvGWCBbZIfsE4eckDNyQaqkRjh5IE/khbxaj9az9Wa9j1tz1mRmk/yC9fENF5ucLA==</latexit>

fMC(A,C)

Instrumental in the proof of Modified Logarithmic Sobolev Inequalities 

(and thus rapid mixing of Lindbladians)


[Kochanowski, Alhambra

C., Rouzé, ’24]


Holds for 1D translation-invariant Hamiltonians, 

at any inverse temperature


[Bluhm, C.

Pérez-Hernández, ’22]


[Bardet et al, ’24]




PREVIOUS RESULTS: RELATION

RELATION

<latexit sha1_base64="exVHC+kUQUxXLx8S55ZlYydKT/8="></latexit>

1

2
Cov2⇢(A,C)  I⇢(A : C)  k⇢AC⇢

�1
A ⌦ ⇢�1

C � 1k

• Covariance 


• Mutual information


• Mixing condition

<latexit sha1_base64="rVKgHoIzxyviQIWSypWR4D2WI1E="></latexit>

I⇢(A : C) = Tr[⇢AC(log⇢AC � log⇢A ⌦ ⇢C)]

<latexit sha1_base64="Saio9uCLEI8do8pKz9jWlKWaLeg="></latexit>

Cov⇢(A,C) = sup
kOAk=kOCk=1

|Tr[⇢OAOC ]� Tr[⇢OA]Tr[⇢OC ]|

<latexit sha1_base64="vAWajSeptPI5kvIY2p/lw3vN65Y="></latexit>

k⇢AC⇢
�1
A ⌦ ⇢�1

C � 1k



PREVIOUS RESULTS: 1D TRANSLATION-INVARIANT, FINITE-RANGE

Exponential decay covariance (finite chain)


1D, translation-invariant


[Araki, ’69] finite-range

Exponential decay covariance (infinite chain)

<latexit sha1_base64="3hZ/bOuZU2rbgudmsPgvFfsh/yA="></latexit>

Cov⇢⇤(A,C)  KCov e
�↵Covd(A,C)

<latexit sha1_base64="3hZ/bOuZU2rbgudmsPgvFfsh/yA="></latexit>

Cov⇢⇤(A,C)  KCov e
�↵Covd(A,C)

<latexit sha1_base64="lNrq/Ysbb1k80gnCtft3HspRZiI=">AAAB9XicdVDLSgNBEJz1GWPUqEcvg1HwFHYFHwHBgBePEcxDsjHMTmaTIbOzy0yvsoT8hxcPinj1X7x58AP0J3Q2EfFZ0FBUddPd5UWCa7DtJ2ticmp6ZjYzl53PLSwu5ZdXajqMFWVVGopQNTyimeCSVYGDYI1IMRJ4gtW9/lHq1y+Y0jyUp5BErBWQruQ+pwSMdO56DAg+wC6XPiTtfMEullLsYKdoj/CbFA7fXkqvz2e5Sjv/6HZCGgdMAhVE66ZjR9AaEAWcCjbMurFmEaF90mVNQyUJmG4NRlcP8aZROtgPlSkJeKR+nRiQQOsk8ExnQKCnf3qp+JfXjMHfbw24jGJgko4X+bHAEOI0AtzhilEQiSGEKm5uxbRHFKFggsqaEP7//ZPUtovObtE5sQvlDTRGBq2hdbSFHLSHyugYVVAVUaTQFbpBt9aldW3dWffj1gnrY2YVfYP18A4gfJak</latexit>

� < 1

[Bluhm, C.

Pérez-Hernández, ’22]


Exp. decay mutual information

<latexit sha1_base64="vMweTEVoNsq0G1Mn0UW4Zjh7hsw="></latexit>

I⇢(A : C)  KMI e
�↵MId(A,C)

Mixing condition

<latexit sha1_base64="JYLPbtHH6Kaj/jLPvVaaxunAcA4="></latexit>

k⇢AC⇢
�1
A ⌦ ⇢�1

C � 1k  KMC e�↵MCd(A,C)



PREVIOUS RESULTS: HIGH DIMENSION, FINITE-RANGE, COMMUTING

Exponential decay covariance


High dimension, commuting


<latexit sha1_base64="3hZ/bOuZU2rbgudmsPgvFfsh/yA="></latexit>

Cov⇢⇤(A,C)  KCov e
�↵Covd(A,C)

Exp. decay mutual information

<latexit sha1_base64="vMweTEVoNsq0G1Mn0UW4Zjh7hsw="></latexit>

I⇢(A : C)  KMI e
�↵MId(A,C)

Mixing condition

<latexit sha1_base64="JYLPbtHH6Kaj/jLPvVaaxunAcA4="></latexit>

k⇢AC⇢
�1
A ⌦ ⇢�1

C � 1k  KMC e�↵MCd(A,C)

<latexit sha1_base64="bx0W2Aboo4wtFDQUY33th06NMWU=">AAAB+HicdVDLSsNAFJ3UV63VRl26GayCuAiJ4KMgWHDjsoJ9SBvCZDpph04mYWYi1NIvceNCEbd+ijsXfoD+hE5SEZ8HLvdwzr3MnePHjEpl209Gbmp6ZnYuP19YKC4ulczllYaMEoFJHUcsEi0fScIoJ3VFFSOtWBAU+ow0/cFx6jcviJA04mdqGBM3RD1OA4qR0pJnljo+UQgewqx7255Ztq1Kil3oWHaG36R89PZSeX0+L9Y887HTjXASEq4wQ1K2HTtW7ggJRTEj40InkSRGeIB6pK0pRyGR7ig7fAw3tdKFQSR0cQUz9evGCIVSDkNfT4ZI9eVPLxX/8tqJCg7cEeVxogjHk4eChEEVwTQF2KWCYMWGmiAsqL4V4j4SCCudVUGH8P/fP0ljx3L2LOfULlc3wAR5sAbWwRZwwD6oghNQA3WAQQKuwA24NS6Na+POuJ+M5oyPnVXwDcbDO7o4lto=</latexit>

� < �⇤

[Kliesch et al., ’14] finite-range

[Kochanowski, Alhambra

C., Rouzé, ’24]




HERE: HIGH DIMENSION, SHORT-RANGE

Exponential decay covariance


High dimension, short-range


Exp. decay mutual information


Mixing condition


<latexit sha1_base64="bx0W2Aboo4wtFDQUY33th06NMWU=">AAAB+HicdVDLSsNAFJ3UV63VRl26GayCuAiJ4KMgWHDjsoJ9SBvCZDpph04mYWYi1NIvceNCEbd+ijsXfoD+hE5SEZ8HLvdwzr3MnePHjEpl209Gbmp6ZnYuP19YKC4ulczllYaMEoFJHUcsEi0fScIoJ3VFFSOtWBAU+ow0/cFx6jcviJA04mdqGBM3RD1OA4qR0pJnljo+UQgewqx7255Ztq1Kil3oWHaG36R89PZSeX0+L9Y887HTjXASEq4wQ1K2HTtW7ggJRTEj40InkSRGeIB6pK0pRyGR7ig7fAw3tdKFQSR0cQUz9evGCIVSDkNfT4ZI9eVPLxX/8tqJCg7cEeVxogjHk4eChEEVwTQF2KWCYMWGmiAsqL4V4j4SCCudVUGH8P/fP0ljx3L2LOfULlc3wAR5sAbWwRZwwD6oghNQA3WAQQKuwA24NS6Na+POuJ+M5oyPnVXwDcbDO7o4lto=</latexit>

� < �⇤

[Fröhlich-Ueltschi, ’15] short-range

<latexit sha1_base64="DrGC2hiTEX1Lqx1BKj4uQl/EWCE="></latexit>

Cov⇢⇤(A,C)  KCovfCov(A,C) e�↵Covd(A,C)

<latexit sha1_base64="psTh9EkXwO4b/XHrxrEHWRXqZqM=">AAACS3icbVBNb9NAEF2HFkr4CnDksmpAChJENkIFcWrVC1VVqUikrRQHa7wZ16uuve7uGIhW/n9cuHDjT3DhQFX10I2TA7SMtNqn997s7Ly0UtJSGP4MOjdWVm/eWrvdvXP33v0HvYePDqyujcCR0EqboxQsKlniiCQpPKoMQpEqPExPtuf64Wc0VuryI80qnBRwXMpMCiBPJb00JvxK7TvuSy4JG7eTuNjkuhlsvdt+znms8JTvJm5vp+FZew22Xngh1hUaIG1KKNBh88m9jEFVOSys09bVNJwnvX44DNvi10G0BH22rP2k9yOealEXWJJQYO04CiuaODAkhcKmG9cWKxAncIxjD+fz7cS1OzT8mWemPNPGn5J4y/7d4aCwdlak3lkA5faqNif/p41ryt5OnCyrmrAUi0FZrThpPg+WT6VBQWrmAQgj/V+5yMGAIB9/14cQXV35Ojh4NYw2htGH1/3Np8s41tgTts4GLG Jv2CZ7z/bZiAn2jf1if9hZ8D34HZwHFwtrJ1j2PGb/VGf1EmctsjQ=</latexit>

I⇢(A : C)  KMIfMI(A,C) e�↵MId(A,C)

<latexit sha1_base64="7QkOTs+NVy8gUSBboRW9MOD4B7U="></latexit>

k⇢AC⇢
�1
A ⌦ ⇢�1

C � 1k  KMCfMC(A,C) e�↵MCd(A,C)

Local indistinguishability

<latexit sha1_base64="D8Hae5HeFMaeozi/wJsFoVsks7o="></latexit>��TrABC(⇢

⇤
OA)� TrAB(⇢

AB
OA)

��
<latexit sha1_base64="mDhapaZIeXhtDxLyKJEN57J3CNI="></latexit>

 KLIkOAkfLI(A,C) e�↵LId(A,C)

[Bluhm, C.

Pérez-Hernández, ’24]


QBP + LR bounds

Assuming 

Effective


Hamiltonian



REQUIREMENT PROOF: EFFECTIVE HAMILTONIAN

• Lattice 

• Hamiltonian                 

<latexit sha1_base64="z8uEKzYcLi5OONqfGhMjZC4t7I4=">AAACIHicbVDLSgMxFM3Ud32NunQTLIKrMiPFuizowoULBatip5ZM5rYNzTxI7qhlmE9x46+4caGI7vRrTMeCzwshh3Puubk5fiKFRsd5s0oTk1PTM7Nz5fmFxaVle2X1VMep4tDksYzVuc80SBFBEwVKOE8UsNCXcOYP9kb62RUoLeLoBIcJtEPWi0RXcIaG6th1D+EGiznZdV8g5Jl3aOwBo55OfQ34dYcM+76fXeSX+3nHrjhVpyj6F7hjUCHjOurYr14Q8zSECLlkWrdcJ8F2xhQKLiEve6mGhPEB60HLwIiFoNtZsVhONw0T0G6szImQFux3R8ZCrYehbzpHS+rf2oj8T2ul2N1tZyJKUoSIfz7UTSXFmI7SooFQwFEODWBcCbMr5X2mGEeTadmE4P7+8l9wul11d6ruca3SqI3jmCXrZINsEZfUSYMckCPSJJzcknvySJ6sO+vBerZePltL1tizRn6U9f4BG8mkuQ==</latexit>

⇤ ⇢⇢ ZD

<latexit sha1_base64="CIzOFG2YbqcyalbUjfPn/XD/0ww="></latexit>

H⇤ =
X

X⇢⇤

HX

Effective Hamiltonian (strong)


Effective Hamiltonian   [Kuwahara et al. ’20]  [C., Bluhm, Pérez-Hernández ’24] (short-range, commuting)  

<latexit sha1_base64="3xSvO5sRwF9VU8pT93et7W0sIm4="></latexit>

eHL,�

⇤ := � 1

�
log

�
EL[e

��H⇤ ]
�
=

X

X⇢⇤

e�L,�

X

<latexit sha1_base64="It0+chF/Dn657x8LIAEtRfJ3qUk="></latexit>

eHL,�

⇤ := � 1

�
log

�
trLc [e��H⇤ ]⌦ 1Lc

�
+

1

�
log[ZLc ]1 =

X

X⇢⇤

e�L,�

X

•         is supported in         ,  


• if            then               ,


• if          then                  ,


• if           and                       then                     . 

<latexit sha1_base64="MQ4MWzNDZrUkHYZSuUkCt77qtqs=">AAACHHicbVA9SwNBEN3zM8avqKXNYhQsJNypqKVgY2ERwcRALoa9vYlZ3Ptgd04Ny/0QG/+KjYUiNhaC/8ZNTKGJDwYe783szrwglUKj6345E5NT0zOzhbni/MLi0nJpZbWuk0xxqPFEJqoRMA1SxFBDgRIaqQIWBRIug5uTvn95C0qLJL7AXgqtiF3HoiM4Qyu1S3s+wj0O3jF3XYGQG+rfiRBQyBCMX+2KvG0a+ZU526F+AMjyvF0quxV3ADpOvCEpkyGq7dKHHyY8iyBGLpnWTc9NsWWYQsEl5EU/05AyfsOuoWlpzCLQLTNYKqdbVglpJ1G2YqQD9feEYZHWvSiwnRHDrh71+uJ/XjPDzlHLiDjNEGL+81EnkxQT2k+KhkIBR9mzhHEl7K6Ud5liHG2eRRuCN3ryOKnvVryDine+Xz7eHMZRIOtkg2wTjxySY3JKqqRGOHkgT+SFvDqPzrPz5rz/tE44w5k18gfO5zchG6Mj</latexit>

e�L,�
X

<latexit sha1_base64="uATnlIqkMNTKxaPOa3hjZAbijxM=">AAACBXicbVC7SgNBFJ2NrxhfUUstBqNgFXZF1DJgY2ERwTwgWcLs5CYZMvtg5q4aljQ2/oqNhSK2/oOdf+Nks4UmHrhwOOfeuXOPF0mh0ba/rdzC4tLySn61sLa+sblV3N6p6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nPiNO1BahMEtjiJwfdYPRE9whkbqFPfbCA+YvpPcDwTCOKFN2uYsotfjTrFkl+0UdJ44GSmRDNVO8avdDXnsQ4BcMq1bjh2hmzCFgksYF9qxhojxIetDy9CA+aDdJN0+pkdG6dJeqEwFSFP190TCfK1Hvmc6fYYDPetNxP+8Voy9CzcRQRQjBHy6qBdLiiGdREK7QgFHOTKEcSXMXykfMMU4muAKJgRn9uR5Uj8pO2dl5+a0VDnM4siTPXJAjolDzkmFXJEqqRFOHskzeSVv1pP1Yr1bH9PWnJXN7JI/sD5/AKl0mJA=</latexit>

X \ L

<latexit sha1_base64="ZgEtkUX84Xw9L9vu00QpZHJKbvM=">AAACCnicbVC5TgMxEPVyhnAtUNIYAhJVtIsQUEaioaAIEjmkZIm8zmxixXvIngWiVWoafoWGAoRo+QI6/gbnKCDhSSM9vTdjzzw/kUKj43xbc/MLi0vLuZX86tr6xqa9tV3Vcao4VHgsY1X3mQYpIqigQAn1RAELfQk1v3cx9Gt3oLSIoxvsJ+CFrBOJQHCGRmrZe02EBxy9k913BcIgo3Xa1KmvAenVLR+07IJTdEags8SdkAKZoNyyv5rtmKchRMgl07rhOgl6GVMouIRBvplqSBjvsQ40DI1YCNrLRisM6KFR2jSIlakI6Uj9PZGxUOt+6JvOkGFXT3tD8T+vkWJw7mUiSlKEiI8/ClJJMabDXGhbKOAo+4YwroTZlfIuU4yjSS9vQnCnT54l1eOie1p0r08KpYNJHDmyS/bJEXHJGSmRS1ImFcLJI3kmr+TNerJerHfrY9w6Z01mdsgfWJ8/3Xua5Q==</latexit>

X ⇢ Lc
<latexit sha1_base64="Yxy0/5aCnXFhdSmP/ifYa3k/274=">AAACHnicbVDJSgNBEO1xN25Rj14ao+BBwoy4XYSAFw8eIhgNZGLo6amYJj0L3TVqaOZLvPgrXjwoInjSv7GzHNweFDzeq+quekEqhUbX/XTGxicmp6ZnZgtz8wuLS8XllQudZIpDjScyUfWAaZAihhoKlFBPFbAokHAZdI/7/uUNKC2S+Bx7KTQjdh2LtuAMrdQq7vkIdzh4x9x2BEJuqH8rQkAhQzB+tSPylqnnV+Z0m/oBIMuP3LxVLLlldwD6l3gjUiIjVFvFdz9MeBZBjFwyrRuem2LTMIWCS8gLfqYhZbzLrqFhacwi0E0zWCunm1YJaTtRtmKkA/X7hGGR1r0osJ0Rw47+7fXF/7xGhu3DphFxmiHEfPhRO5MUE9rPioZCAUfZs4RxJeyulHeYYhxtogUbgvf75L/kYqfs7Ze9s91SZWMUxwxZI+tki3jkgFTICamSGuHknjySZ/LiPDhPzqvzNmwdc0Yzq+QHnI8vOgKjpA==</latexit>

e�L,�
X = 0

<latexit sha1_base64="BoPWuOZJcslyXq6zhd4o3xEGO+I=">AAACCHicbVC7SgNBFJ2NrxhfUUsLB6NgFXZF1DJgY2ERwTwgWcLs5CYZMvtg5q4alpQ2/oqNhSK2foKdf+Nks4UmHrhwOOfemXuPF0mh0ba/rdzC4tLySn61sLa+sblV3N6p6zBWHGo8lKFqekyDFAHUUKCEZqSA+Z6Ehje8nPiNO1BahMEtjiJwfdYPRE9whkbqFPfbCA+YvpPcDwTCOKFN2taxpwHp9bhTLNllOwWdJ05GSiRDtVP8andDHvsQIJdM65ZjR+gmTKHgEsaFdqwhYnzI+tAyNGA+aDdJFxjTI6N0aS9UpgKkqfp7ImG+1iPfM50+w4Ge9Sbif14rxt6Fm4ggihECPv2oF0uKIZ2kQrtCAUc5MoRxJcyulA+YYhxNdgUTgjN78jypn5Sds7Jzc1qqHGZx5MkeOSDHxCHnpEKuSJXUCCeP5Jm8kjfryXqx3q2PaWvOymZ2yR9Ynz9VtZoQ</latexit>

X ⇢ L
<latexit sha1_base64="O4SosI2s9Opf08V9i/IY+3sqNWc="></latexit>

e�L,�
X = HX

<latexit sha1_base64="N5B71oCoWvRs9woUmfZ/Kinbfv0=">AAACCXicbVC7SgNBFJ31GeNr1dJmMIpWYVdELQM2FikimAckIcxObpIhsw9m7qphSWvjr9hYKGLrH9j5N042W2jigQuHc+6dufd4kRQaHefbWlhcWl5Zza3l1zc2t7btnd2aDmPFocpDGaqGxzRIEUAVBUpoRAqY70moe8OriV+/A6VFGNziKIK2z/qB6AnO0Egdm7YQHjB9J7kfCIRxQsu0pWNPA9Ly8bhjF5yik4LOEzcjBZKh0rG/Wt2Qxz4EyCXTuuk6EbYTplBwCeN8K9YQMT5kfWgaGjAfdDtJNxjTI6N0aS9UpgKkqfp7ImG+1iPfM50+w4Ge9Sbif14zxt5lOxFBFCMEfPpRL5YUQzqJhXaFAo5yZAjjSphdKR8wxTia8PImBHf25HlSOy2650X35qxQOsziyJF9ckBOiEsuSIlckwqpEk4eyTN5JW/Wk/VivVsf09YFK5vZI39gff4Ar0GaNQ==</latexit>

L ⇢ L0 <latexit sha1_base64="sxVJSGQl3lWqkRJolsVau6UfBg0=">AAACIHicbVDLSgMxFM34rPVVdekmWEXdlBkR60YouHHhQsHWQqeUTHprg0lmSO6oZeinuPFX3LhQRHf6NaaPha8DFw7n3Jvce6JECou+/+FNTE5Nz8zm5vLzC4tLy4WV1ZqNU8OhymMZm3rELEihoYoCJdQTA0xFEi6j6+OBf3kDxopYX2AvgaZiV1p0BGfopFahHCLc4fCd7LYrEPoZrdOQs4TunG7T0AIqoVNLT3fpEQ1BJdhzWr9VKPolfwj6lwRjUiRjnLUK72E75qkCjVwyaxuBn2AzYwYFl9DPh6mFhPFrdgUNRzVTYJvZcLE+3XJKm3Zi40ojHarfJzKmrO2pyHUqhl372xuI/3mNFDuHzUzoJEXQfPRRJ5UUYzpIi7aFAY6y5wjjRrhdKe8ywzi6TPMuhOD3yX9Jba8UHJSC8/1iZXMcR46skw2yQwJSJhVyQs5IlXByTx7JM3nxHrwn79V7G7VOeOOZNfID3ucXEZSiyg==</latexit>

X \ (L0 \ L) = ;
<latexit sha1_base64="2OxvRUnNGl+xb89GYzis6PUTnBk="></latexit>

e�L,�
X = e�L0,�

X



SUMMARY RESULTS

We have shown: Several properties of locality and 

decay of correlations on Gibbs states are equivalent!

Exponential decay covariance


Local Perturbations Perturb Locally (LPPL)

<latexit sha1_base64="A4AElKD168NPRtO+ojNck9j5X+E="></latexit>��TrABC(⇢

⇤
OA)� TrABC(e⇢⇤ OA)

��
<latexit sha1_base64="s6UomwAZN2C4vLIpVIxCH8IPLQY="></latexit>

 KLPPLkOAkfLPPL(A,C) ec�kVCk e�↵LPPLd(A,C)

<latexit sha1_base64="DrGC2hiTEX1Lqx1BKj4uQl/EWCE="></latexit>

Cov⇢⇤(A,C)  KCovfCov(A,C) e�↵Covd(A,C)

Local indistinguishability

<latexit sha1_base64="D8Hae5HeFMaeozi/wJsFoVsks7o="></latexit>��TrABC(⇢

⇤
OA)� TrAB(⇢

AB
OA)

��
<latexit sha1_base64="mDhapaZIeXhtDxLyKJEN57J3CNI="></latexit>

 KLIkOAkfLI(A,C) e�↵LId(A,C)

[C., Moscolari, 

Teufel, Wessel, ’23]



SUMMARY RESULTS

We have shown: Several properties of locality and 

decay of correlations on Gibbs states are equivalent!

Exponential decay covariance


Local Perturbations Perturb Locally (LPPL)

<latexit sha1_base64="A4AElKD168NPRtO+ojNck9j5X+E="></latexit>��TrABC(⇢

⇤
OA)� TrABC(e⇢⇤ OA)

��
<latexit sha1_base64="s6UomwAZN2C4vLIpVIxCH8IPLQY="></latexit>

 KLPPLkOAkfLPPL(A,C) ec�kVCk e�↵LPPLd(A,C)

<latexit sha1_base64="DrGC2hiTEX1Lqx1BKj4uQl/EWCE="></latexit>

Cov⇢⇤(A,C)  KCovfCov(A,C) e�↵Covd(A,C)

Local indistinguishability

<latexit sha1_base64="D8Hae5HeFMaeozi/wJsFoVsks7o="></latexit>��TrABC(⇢

⇤
OA)� TrAB(⇢

AB
OA)

��
<latexit sha1_base64="mDhapaZIeXhtDxLyKJEN57J3CNI="></latexit>

 KLIkOAkfLI(A,C) e�↵LId(A,C)

[C., Moscolari, 

Teufel, Wessel, ’23]

Mixing condition

<latexit sha1_base64="7QkOTs+NVy8gUSBboRW9MOD4B7U="></latexit>

k⇢AC⇢
�1
A ⌦ ⇢�1

C � 1k  KMCfMC(A,C) e�↵MCd(A,C)

Exp. decay mutual information

<latexit sha1_base64="psTh9EkXwO4b/XHrxrEHWRXqZqM="></latexit>

I⇢(A : C)  KMIfMI(A,C) e�↵MId(A,C)

[Bluhm, C.

Pérez-Hernández, ’24]




SUMMARY RESULTS

Exponential decay covariance


Local Perturbations Perturb Locally (LPPL)

<latexit sha1_base64="A4AElKD168NPRtO+ojNck9j5X+E="></latexit>��TrABC(⇢

⇤
OA)� TrABC(e⇢⇤ OA)

��
<latexit sha1_base64="s6UomwAZN2C4vLIpVIxCH8IPLQY="></latexit>

 KLPPLkOAkfLPPL(A,C) ec�kVCk e�↵LPPLd(A,C)

<latexit sha1_base64="DrGC2hiTEX1Lqx1BKj4uQl/EWCE="></latexit>

Cov⇢⇤(A,C)  KCovfCov(A,C) e�↵Covd(A,C)

Local indistinguishability

<latexit sha1_base64="D8Hae5HeFMaeozi/wJsFoVsks7o="></latexit>��TrABC(⇢

⇤
OA)� TrAB(⇢

AB
OA)

��
<latexit sha1_base64="mDhapaZIeXhtDxLyKJEN57J3CNI="></latexit>

 KLIkOAkfLI(A,C) e�↵LId(A,C)

[C., Moscolari, 

Teufel, Wessel, ’23]

Mixing condition

<latexit sha1_base64="7QkOTs+NVy8gUSBboRW9MOD4B7U="></latexit>

k⇢AC⇢
�1
A ⌦ ⇢�1

C � 1k  KMCfMC(A,C) e�↵MCd(A,C)

Exp. decay mutual information

<latexit sha1_base64="psTh9EkXwO4b/XHrxrEHWRXqZqM="></latexit>

I⇢(A : C)  KMIfMI(A,C) e�↵MId(A,C) [Bluhm, C.

Pérez-Hernández, ’24]


1D, translation-invariant
<latexit sha1_base64="XphYGrXSAYRee0NyvdWOP0YgdvE=">AAAB+HicdVDLSsNAFJ34rLXaqEs3g1VwFRLBR0Gw4MZlBfuQNoTJdNIOnUzCzESooV/ixoUibv0Udy78AP0JnaQiPg9c7uGce5k7x48Zlcq2n4yp6ZnZufnCQnGxtLRcNldWmzJKBCYNHLFItH0kCaOcNBRVjLRjQVDoM9Lyh8eZ37ogQtKIn6lRTNwQ9TkNKEZKS55Z7vpEIXgI8+45nlmxrWqGXehYdo7fpHL09lJ9fT4v1T3zsduLcBISrjBDUnYcO1ZuioSimJFxsZtIEiM8RH3S0ZSjkEg3zQ8fwy2t9GAQCV1cwVz9upGiUMpR6OvJEKmB/Oll4l9eJ1HBgZtSHieKcDx5KEgYVBHMUoA9KghWbKQJwoLqWyEeIIGw0lkVdQj///2TNHcsZ89yTu1KbRNMUADrYANsAwfsgxo4AXXQABgk4ArcgFvj0rg27oz7yeiU8bGzBr7BeHgHxNSW4Q==</latexit>

� < �1

[Pérez-García, Pérez-Hernández ’23] short-range
[Araki, ’69] finite-range

High dimension
<latexit sha1_base64="bx0W2Aboo4wtFDQUY33th06NMWU=">AAAB+HicdVDLSsNAFJ3UV63VRl26GayCuAiJ4KMgWHDjsoJ9SBvCZDpph04mYWYi1NIvceNCEbd+ijsXfoD+hE5SEZ8HLvdwzr3MnePHjEpl209Gbmp6ZnYuP19YKC4ulczllYaMEoFJHUcsEi0fScIoJ3VFFSOtWBAU+ow0/cFx6jcviJA04mdqGBM3RD1OA4qR0pJnljo+UQgewqx7255Ztq1Kil3oWHaG36R89PZSeX0+L9Y887HTjXASEq4wQ1K2HTtW7ggJRTEj40InkSRGeIB6pK0pRyGR7ig7fAw3tdKFQSR0cQUz9evGCIVSDkNfT4ZI9eVPLxX/8tqJCg7cEeVxogjHk4eChEEVwTQF2KWCYMWGmiAsqL4V4j4SCCudVUGH8P/fP0ljx3L2LOfULlc3wAR5sAbWwRZwwD6oghNQA3WAQQKuwA24NS6Na+POuJ+M5oyPnVXwDcbDO7o4lto=</latexit>

� < �⇤

[Fröhlich-Ueltschi, ’15] short-range
[Kliesch et al., ’14] finite-range



OPEN PROBLEMS

• Existence of the effective Hamiltonian? 


• Long-range interactions?


• More applications?


• Infinite dimensions? In particular, for the Quantum Belief Propagation


• Extend results to 0 temperature (ground states)? 


• Open systems?


And many more!



Thanks for your attention!

(And also to my coauthors!)

Exponential decay covariance


Local Perturbations Perturb Locally (LPPL)

<latexit sha1_base64="A4AElKD168NPRtO+ojNck9j5X+E="></latexit>��TrABC(⇢

⇤
OA)� TrABC(e⇢⇤ OA)

��
<latexit sha1_base64="s6UomwAZN2C4vLIpVIxCH8IPLQY="></latexit>

 KLPPLkOAkfLPPL(A,C) ec�kVCk e�↵LPPLd(A,C)

<latexit sha1_base64="DrGC2hiTEX1Lqx1BKj4uQl/EWCE="></latexit>

Cov⇢⇤(A,C)  KCovfCov(A,C) e�↵Covd(A,C)

Local indistinguishability

<latexit sha1_base64="D8Hae5HeFMaeozi/wJsFoVsks7o="></latexit>��TrABC(⇢

⇤
OA)� TrAB(⇢

AB
OA)

��
<latexit sha1_base64="mDhapaZIeXhtDxLyKJEN57J3CNI="></latexit>

 KLIkOAkfLI(A,C) e�↵LId(A,C)

Mixing condition

<latexit sha1_base64="7QkOTs+NVy8gUSBboRW9MOD4B7U="></latexit>

k⇢AC⇢
�1
A ⌦ ⇢�1

C � 1k  KMCfMC(A,C) e�↵MCd(A,C)

Exp. decay mutual information

<latexit sha1_base64="psTh9EkXwO4b/XHrxrEHWRXqZqM="></latexit>

I⇢(A : C)  KMIfMI(A,C) e�↵MId(A,C)


